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Abstract: The generalized volume conjecture relates asymptotic behavior of the colored 
Jones polynomials to objects naturally defined on an algebraic curve, the zero locus of the 

^ . A-polynomial A{x,y). Another "family version" of the volume conjecture depends on a 

QQ . quantization parameter, usually denoted q or h] this quantum volume conjecture (also known 

(N 

rn 

O 



as the AJ-conjecture) can be stated in a form of a g-difference equation that annihilates 
the colored Jones polynomials and SL{2, C) Chern-Simons partition functions. We propose 
refinements / categorifications of both conjectures that include an extra deformation 

CN ' parameter t and describe similar properties of homological knot invariants and refined BPS 

invariants. Much like their unrefined / decategorified predecessors, that correspond to 
t = —1, the new volume conjectures involve objects naturally defined on an algebraic curve 

p\ , A^'^^{x, y; t) obtained by a particular deformation of the A-polynomial, and its quantization 

j^ , A {x,y;q,t). We compute both classical and quantum t-deformed curves in a number of 

examples coming from colored knot homologies and refined BPS invariants. 
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1. Introduction 

The story of the "volume conjecture" started with the crucial observation |||] that the so-called 
Kashaev invariant of a knot K defined at the n-th root of unity q = g^'^*'" in the classical 
limit has a nice asymptotic behavior determined by the hyperbolic volume Vol(M) of the 
knot complement M = S^ \ K. Shortly after, it was realized Q that the Kashaev invariant 
is equal to the n-colored Jones polynomial of a knot K evaluated at q = g^'^*/", so that the 
volume conjecture could be stated simply as 

71— >oo 77, 

The physical interpretation of the volume conjecture was proposed in Q. Besides ex- 
plaining the original observation ( |1.1| ) it immediately led to a number of generalizations, in 
which the right-hand side is replaced by a function of various parameters (see Q for a review) . 
Below we state two such generalizations - associated, respectively, with the parameters h and 
u - that in the rest of the paper will be "refined" or, morally speaking, "categorified." 

1.1 Generalized volume conjecture 

Once the volume conjecture is put in the context of analytically continued Chern-Simons 
theory, it becomes clear that the right-hand side is simply the value of the classical SL{2, C) 
Chern-Simons action functional on a knot complement M. Since classical solutions in Chern- 
Simons theory (i.e. flat connections on M) come in families, parametrized by the holonomy of 
the gauge connection on a small loop around the knot, this physical interpretation immediately 
leads to a "family version" of the volume conjecture P]: 

Jn{K;q = e^) '^' exp f -5o(n) + . . .J (1.2) 

parametrized by a complex variable u. Here, the limit on the left-hand side is slightly more 



interesting than in (LI) and, in particular, also depends on the value of the parameter u: 

q = e'' ^1, n^oo, g" = e" = x (fixed) (1.3) 

In fact, Chern-Simons theory predicts all of the subleading terms in the ^-expansion denoted 
by ellipsis in (|l.2| ). These terms are the familiar perturbative coefficients of the SL{2,C) 
Chern-Simons partition function on M. 



1.2 Quantum volume conjecture 

Classical solutions in Chern-Simons theory {i.e. flat connections on M) are labeled by the 
holonomy eigenvalue x = e^ or, to be more precise, by a point on the algebraic curve 

C: [ix,y)eC*xC*\Aix,y) = o} , (1.4) 

defined by the zero locus of the ^-polynomial, a certain classical invariant of a knot. In 
quantum theory, A{x, y) becomes an operator A{x, y; q) and the classical condition (|1.4| ) turns 
into a statement that the Chern-Simons partition function is annihilated by A{x,y;q). This 
statement applies equally well to Chern-Simons theory with the compact gauge group SU{2) 
that computes the colored Jones polynomial Jn{K;q) as well as to its analytic continuation 
that localizes on SL{2, C) flat connections. In the former case, one arrives at the "quantum 
version" of the volume conjecture |^: 

AJ,{K;q) ~ 0, (1.5) 

which in the mathematical literature was independently proposed around the same time [^ 
and is know as the AJ-conjecture. The action of the operators x and y follows from quan- 
tization of Chern-Simons theory. With the standard choice of polarization^ one flnds that x 
acts as a multiplication by g", whereas y shifts the value of n: 

xJn = q'^Jn (1.6) 

yJn = Jn+1 

In particular, one can easily verify that these operations obey the commutation relation 

yx = qxy (1.7) 

that follows from the symplectic structure on the phase space of Chern-Simons theory. There- 
fore, upon quantization a classical polynomial relation of the form ( [1.4| ) becomes a g-difference 
equation for the colored Jones polynomial or Chern-Simons partition function. Further de- 
tails, generalizations, and references can be found in [Q]. 

One of the goals of the present paper is to propose a "refinement" or "categorification" 
of the generalized and quantum volume conjectures (1.2) and (|1.5|). 



1.3 Quantization and deformation of algebraic curves 

The above structure - and its "refinement" that we are going to construct - is not limited 
to applications in knot theory. Similar mathematical structure appears in matrix models 
[^, ^ ^], in four-dimensional M = 2 supersymmetric gauge theories |11, 12, 13, 14 1, and in 
topological string theory |15, |l6|, |^, [l^ . 



^Although different choices of polarization will not play an important role in the present paper, the interested 
reader may consult e.g. H, M for further details. 



In all of these problems, the semiclassical limit is described by a certain "spectral curve" 
(1.4) defined by the zero locus of A{x,y). Motivated by application to knots, we shall refer 
to the function A{x, y) as the A-polynomial even in situations where its form is not at all 
polynomial. 
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Figure 1: Deformation and quantization of the v4-polynomial. The horizontal arrows describe a 
deformation / refinement, such that the unrefined case corresponds to t = —1. The vertical arrows 
represent quantization, i.e. a lift of classical polynomials A{x, y) and A(x, y; t) to quantum operators. 



Furthermore, in most of these problems the classical curve (|l.4| ) admits two canonical 
deformations with the corresponding parameters q and t. The first one is the deformation 
quantization in which x and y turn into non-commutative generators of the Weyl algebra, c/. 
( ll.Tl) . The second deformation, parametrized by t, does not affect commutativity of x and y, 
i.e. it is an ordinary deformation. How these deformations affect the classical curve defined 
by the zero locus of A{x., y) is illustrated in Figure |l[ 

A systematic procedure for lifting the polynomial A(x, y) to the quantum operator 
A{x, y; q) is described in Q for curves coming from triangulated 3-manifolds and, more gener- 
ally, in ll^ for abstract curves defined by the equation A{x, y) = 0. The general approach of 
p^] is based on the topological recursion, which allows to compute A{x, y; q) order by order 



in the g-expansion following the steps of |20, 21, ^, 23, 24 1 where similar computations of 



the partition function were discussed. Thus, under favorable conditions described in [19|, the 
quantum operator 



A{x, y; ( 



E 



£m^ 



(1.8) 






can be obtained simply from the data {am,n} of the original polynomial A{x, y) = ^a. 
and from the data {cm,n} of the Bergman kernel B{ui,U2) which, for curves of arbitrary genus, 
is given by a derivative of the logarithm of the odd characteristic theta function. Specifically, 
given the Bergman kernel B{ui,U2) for the classical curve ( |1.4D , one can first compute the 



"torsion" T(u), 



logT(u) = lim / (- \:r - B{ui,U2)] , 



(1.9) 



and then find the exponents {cm,n} by solving 



/ ^ Ojm,n Cm,n X y 



1 fduA. , duT 



m,n 



dt + ^d, A 



2 \d^A "" T 



together with A{x,y) = 0. Substituting the resulting data {cm,n} into (^ 
zation of A{x,y). In the above equations we used the relations 



X = e 



y = e 



(1.10) 
gives the quanti- 

(1.11) 



In this paper, our main focus will be the deformation in the other direction, associated 
with the parameter t. Some prominent examples of classical A-polynomials and their t- 
deformations which we find are given in table 111 Important examples of quantum refined 
74-polynomials, which we will derive in this paper, are revealed in table 0. 



Model 


A{x,y) 


A'''{x,y;t) 


unknot 


{l-x){l-y) 


il + t^x){-t-^y/^-il-x)y 


trefoil 


(y-l)(y + x3) 


2 l-xt'^+x^t^+x*t^+2x^t^(t+l) {x-l)x^t^ 

y i+xt'^ y ' i+xt-^ 


tetrahedron 


1 -y + x{-yy 


l + ty- tx{-yy 


conifold 


I - y + x{-yy + Qxi-yy+^ 


l + ty- tx{-yy + Q^tx{-yy+^ 



Table 1: Classical curves in prominent examples, in unrefined limit (which are well known, left 
column) and for general t (derived in this paper, right column). In this paper we also derive refined 
^-polynomials for general 7^2,2^+1 ^Qj.^g knots; for explicit examples for low values of p see table |[ 
Note that in section the deformation parameter t is identified with —qi (when q2 = q = !)■ 



2. The new conjectures: incorporating t 

In this section we describe general aspects of the mathematical structure shared by a wide 
variety of examples, ranging from the counting of refined BPS invariants to categorification 
of quantum group invariants. Then, in later sections we focus on each class of examples 
separately. 

In particular, one of our goals is to promote the volume conjectures ( |1.2| ) and ( |1.5D to 
the corresponding refined / categorified versions, both for knots and for the refined BPS 
invariants. 



2.1 Quantum volume conjecture: refined 

The fact that a Q'-difference operator A{x, y; q) annihilates the partition function of Chern- 
Simons theory / matrix model / B-model / instanton partition function is easy to refine. Just 
like each of these partition functions becomes t-dependent, so does the operator A{x,y;q,t) 
that annihilates it. The commutation relations (|lj) do not change and, therefore, our pro- 
posal for the refinement of ( [L.5| ) is easy to state: 

A'''\x,y;q,t) P^{K-q,t) c:^ (knots) (2.1a) 



or 



A"'\x,y;q,t) Z^^p^{u,q,t) ^ (BPS states) (2.1b) 



While the formulation of this refined / homological version is simple and follows the lines 
of the ordinary quantum volume conjecture (1.5), its interpretation is rather deep and non- 



trivial. It involves details of the framework in which (^^ arises and will be given a proper 
treatment in the following sections. Here, we only remark that polynomials Pn{K; q, t) which 
appear in (2.1a) as i-dependent analogs of the colored Jones polynomials Jn{K; q) are Poincare 



polynomials of the n-colored s/(2) knot homology groups 'H^^'^'' "^(K): 

Pn{K;q,t) = Y^qH^dimntf^'^'-iK), (2.2) 

such that 

Jn{K-q) = Pn{K-q,t = -l). (2.3) 



Because the t-deformation does not affect the commutation relation ( |1.7| ), the operators x 
and y act on P„ exactly as in ( |l.6D : 

xPn = q'^Pn (2.4) 

yPn = Pn+1 



2.2 Generalized volume conjecture: refined 

The refinement / categorification of the generalized volume conjecture ( |1.2D involves taking 
the limit ( |1.3[ ) while keeping the extra parameter t fixed: 

q = e'' ^l, t = fixed , x = e" = g" = fixed (2.5) 

We conjecture that, in this limit, the homological (resp. refined) knot (resp. BPS) invariants 
have the following asymptotic behavior: 

Pn ^ exp I -Soiu, t) + Y1 ^n+i{u, t) }f j (knots) (2.6a) 



Model 


A'^'^x, y; q, t) 


unknot 


(l + t3^J)(_g-lt-3)l/2_(i_5)^ 


trefoil 


1 ^ x3(z-g)t4 ^_i 


i25;2 g_S?gf2+x'*t6+x2t2(l+t+qt) 


l+x^gi^ (g+x2t3)(i_j_Jgf^) 


tetrahedron 


l + ty-t^x{-yy ~ 1 + t 


conifold 


l + iy-i^/9 3;(-yy + gV-^'?2:(-yy+i ~ 1 + t 



Table 2: Refined quantum curves derived in tlris paper. Tlie notation ". 
understood as A''®*Zgp™ = 1 + t. Note tlrat i: 
with g2, and tire deformation paranretcr is i = 



i 1 + f" should be 
understood as A''®*Zgp™ = 1 + t. Note that in section Q the quantization parameter q is identified 



— _9i 
92 ' 



or 



^BPs"('"' g, t) ~ exp [ ^5o(u, t) + Y^ Sn+i{u, t) K" j (BPS states) (2.6b) 



dx 
logy — 

X 



(2.7) 



n=0 

with the leading term ("classical action") 

5o(u,t) = / vdu 
defined as an integral on a classical curve 

C""^ : {(x,y) G C* X cU^'^x^y-t) = o} , (2.8) 

which is a deformation of the classical A-polynomial curve A{x, y) = 0. In writing ( p. 7] ) we 



used the same convention as in (I.ll). 



3. Examples coming from knots 

In this section, we illustrate the refined / categorified volume conjectures stated in the general 
form in (2.1) and (|2.6[) for a large class of examples coming from knots. In these examples, 



the invariants Pn{q,t) whose recursive behavior is captured by the conjectures encode the 
graded dimensions of the homological knot invariants. 

There are many different kinds of homological knot invariants: doubly-graded and triply- 
graded, reduced and unreduced, with different choices of framing and grading conventions. 
And, in our discussion we will need at least a basic understanding of these concepts in order 
to have most fun with the conjectures ( p.l| a) and ( p. 6^ ). In other words, we will need to 
have at least a rough understanding of the relation between different types of knot invariants 
shown in Figure y. Luckily, much of this picture can be explained building on the relations 
between polynomial knot invariants, which hopefully are more familiar to the reader. 



categorification 



colored HOMFLY 
polynomial 

P{K;a,q) Euler characteristic (t=-l) T{K;a,q,t) 



colored HOMFLY 
homology / superpolynomial 



a = 9^ 



sl(N) quantum group 
invariant 



J {K;q) 



categorification 



-A' 



sl(N) knot homology 

^Sl(N),Ry 



Euler characteristic (t=-l) 



T 



(K;q,t) 



Figure 2: Categorification of quantum knot invariants. To Irelp tlie reader navigate tfirougli tfiis 
picture we suggest to keep track of the variables a, g, i, as well as the rank of sl{N). Note, the 
polynomial (resp. homological) knot invariants which have a-dependence (resp. o-grading) are not 
labeled by sl{N). 



We start with the lower left corner of the Figure El that describes the simplest family 
of polynomial knot invariants J^' {K; q) labeled by a representation R oi a. Lie algebra g = 
Lie(G). In the special case when R = Vn^s the n-dimensional representation of g = s/(2), the 
quantum group invariant Jn{K;q) := J'^^^'^)'^"{K]q) is the n-colored Jones polynomial of a 
knot/link K that we already encountered in the review of the generalized volume conjectures 
( |1.2D and (|1.5| ). In general, a mathematical definition of J^' {K;q) involves associating a 
quantum R-matrix to every crossing in a plane diagram of a knot K. Physically, these 
quantum group invariants are simply the normalized expressions for the partition function of 
Chern-Simons gauge theory 12^ 



Z^^{M,KR;q) 



[dA]WRiK)[A]e 



ikScs [A;M] 



(3.1) 



with a Wilson loop operator VF/j(-fC)[^] := Tr^jPexp [<f^ A] supported on a knot K and dec- 
orated by a representation R. Here, S'csi^! M] is the famous Chern-Simons action functional 
on a 3-manifold M, 



Scs[A;M] 



— / Tradj lAAdA+-AAAAA 



(3.2) 



In general, the partition function ( |3.lD is a rather complicated function of the coupling con- 

2Tvi 

stant k or, equivalently, the "quantum" parameter q = e ''+'». However, once normalized by 
that of the unknot, it magically becomes a polynomial in q with integer coefficients, at least 
when M = S^: 



J^'^'iK-q) 



Z^^{S^KR;q) 
ZgS(S3,0^;g) 



(3.3) 



The fact that the final result turns out to be a polynomial, let alone integer coefficients, is 
not at all obvious in either R-matrix or path integral formulation of J^'^{K;q). This nice 
property, however, is a precursor of knot homologies, which beautifully explain it. 

Another nice property comes from a closer look at g = sl{N), which will be the focus 
our paper. (Although there are straightforward analogs for other classical groups, we will 
not consider them here.) Then, not only J^^''^''^{K; q) turn out to be polynomials in g, they 
exhibit a very simple dependence on A^. Namely, for each R (= Young tableaux) there exists 
a polynomial invariant P^{K; a, q) of a knot K, such that 

J^'W'^(K;g) = P«(i^;a = g^,g). (3.4) 

This relation is represented by a vertical arrow on the left in Figure |2|. The polynomial 
P^{K;a,q) is called the colored HOMFLY polynomial of K. To be more precise, it is the 
normalized HOMFLY polynomial, meaning that -P^(O) = 1- 

Once we explained the left side of Figure |2|, we can easily describe its categorification 
shown on the right. To categorify J^^ '' {K;q) means to construct a doubly-graded homol- 
ogy theory 7^^ • (K), with gradings i and j, such that the polynomial J^'-^'^''^{K; q) is its 
g-graded Euler characteristic: 

rm,R^K;q) = P''{K;a = q'',q) = Y.{-iy q' dh'nnfP^''{K) . (3.5) 

Similarly, a categorification of P^{K; a, q) is a triply-graded homology theory Tif- /.{K), with 
gradings i, j and k, whose graded Euler characteristic is 

P«(K;a,g) = ^(-l)'=a*gMim?^«. ,(i^) . (3.6) 



The relations ( |3.5[ ) and (3.6) are represented by horizontal arrows in Figure |2|. Sometimes, 



it is convenient to express these relations as specializations of the corresponding Poincare 
polynomials V^^ '' {q,t) and V {a,q,t) at t = —1. For example, the Poincare polynomial 
of the triply-graded homology theory Tif- f.{K) is defined as follows 

"superpolynomial" V^{K;a,q,t) := ^ a'qH'' dimnj^j,^{K) (3.7) 



and often is called the colored superpolynomial. To be more precise, just like below eq. (|3.4j) we 
pointed out that P^{a, q) = V^{a, q,t = —1) is the normalized colored HOMFLY polynomial, 
it is important to emphasize that V^{K;a,q,t) is the Poincare polynomial of the reduced 
homology theory, in a sense that 7^^(0) = 1- 

If one naively combines ( |3.5D and ( |3.6| ) one may be tempted to conclude that 7^*H").R(g^ f^ 
is a specialization of the superpolynomial at a = q^ , as was stated e.g. in [26] and in some 
other recent papers. We emphasize that, in general, this is not the case: 

P^(a = g^,g,t) # P^^(^)'«(g,t) ^^qV dimnfP'''{K) . (3.8) 



The reason is very simple and becomes crystal clear if one attempts to test ( |3.8D even in the 
basic case of A^ = 1 and, say, i? = D. Indeed, the s/(l) theory is trivial in any approach to 
knot polynomials / homologies. In other words, for any knot the sl{l) homology Ti^ ■ (K) 
is one-dimensional and the corresponding quantum group invariant J^^^'' {K;q) consists of 
a single monomial. 

This fact has a nice manifestation in the relation (p.4|), which says that almost all terms 
in the HOMFLY polynomial P^{a,q) cancel out in the specialization a = q, leaving behind 
a single term. This remarkable property of the HOMFLY polynomial can be viewed as a 
non-trivial constraint on the coefficients of the polynomial P^{a,q). Since the coefficients of 
P {a, q) can be positive and negative, this condition indeed can be satisfied if the total number 
of "minuses" (counted with multiplicity) is balanced by the total number of "pluses." This, 
of course, can not work for (3^) where the super polynomial V {a,q,t) has only positive 



coefficients, due to (p/7|). Therefore, setting a = q will never reduce the total sum of the 
coefficients in this polynomial, and there is no way it can be equal to the Poincare polynomial 
V^^^'' {q,t) of a one-dimensional homology Ti^^ {K). 

A more conceptual reason why (^^) can not be true is that, while a specialization to 
a = q^ \s perfectly acceptable at the polynomial level (the left side of Figure §), it has 
to be replaced by a suitable operation from homological algebra in order to make sense at 



the higher categorical level (the right side of Figure g). As explained in [27|, the suitable 
operation, which categorifies the specializations a = q , involves taking homology in the 
triply-graded theory with respect to differentials djsr, N £ "Z. Indeed, the "extra terms" in 
the superpolynomial V {a, q, t) that are not part of 7^''''^)'^(g, t) and otherwise would cancel 



upon setting t = — 1 always come in pairs, so that a more proper version of ( |3.8| ) reads 

P^(a, q, t) = fi^'(^)'^(a, g, t) + (1 + a"Q^t^)Q^'(^)'^(a, g, t) , (3.9) 

where R^''^^''^{a, q, t) and Q^''^^''^{a, q, t) are polynomials with non-negative coefficients, such 
that the sl{N) homological invariant is a specialization of the "remainder" (not the full 
superpolynomial as in (|3.8|)): 

whereas the extra pairs of terms in ( p. 91) that come from Q^" '' {a,q,t) are killed by the 
differential diy of (o, g, t)-degree (a,/3,7). 

Now, once we introduced the cast of characters and explained the relations between them, 
we can get straight down to business. We start in the next subsection with the calculation 
of colored super polynomials for (2, 2p + 1) torus. Then, in section |3]^ we use the results of 
these calculations to derive and study the recursion relations, a.k.a. the quantum volume 
conjecture (|2.1|a). Starting in section ^, we focus on the a = q^ specializations of 5^'-colored 
superpolynomial, which we denote as 

Pn{q,t) := r''''"{a = q^,q,t). (3.11) 



10 



In section 3.1.3 we present some evidence that in the refined volume conjectm'es (2.1) and (2.6) 
one can replace this definition of Pn{q,t) with a true sl{2) honiological knot invariant (|2.2D . 
Finally, in section |3.3| we consider the classical limit and discuss the leading "volume" term 
So{u,t) that dominates the asymptotic behavior ( |2.6| a) of these homological knot invariants. 
According to (2.7), this semi-classical limit is controlled by the t-deformed algebraic curve. 



A'^'^^[x, y; t) = 0, whose quantization will be revisited in section ^^ . 

In a physical realization of knot homologies [^8|, the superpolynomial "P"^" {a,q,t) and 
its specialization ( 3.11| ) are certain indices that count refined BPS invariants, essentially 



identical to Z^^{u, q, t) where u = q^. Motivated by this, in the later section |^ we perform 
a similar analysis of more general refined open BPS partition functions and find many similar 
patterns. 

3.1 S"^ homological invariants of (2,2p+ 1) torus knots 

Our goal in this section is to compute the colored super polynomials V^{a, q, t) for (2, 2p + 1) 
torus knots and symmetric and anti-symmetric representations, R = S^ and R = A^. In 
performing this calculation, we first review the analogous computation of the polynomial knot 
invariants (on the left side of Figure |2|) in Chern-Simons gauge theory and then "refine" it. 
We should stress right away, however, that the refined calculation is not done in a topological 
3d gauge theory or, at least, such a 3d gauge theory interpretation of the formal steps that 
we are going to take is not known at present. 

In Chern-Simons gauge theory, one can efficiently compute (|3.l| ) using the topological 
invariance of the theory. Dividing a 3-manifold M into two pieces Mi and M2 along a surface 
S, one can express the partition function Z9^,jyJM,Kfi;q) as a pairing between the two 
elements \tpMi;Kji) and \ipM2]Kjt} in the physical Hilbert space Ti^,'- 

ZsU(N)iM,KR;q) = s(V'Af2;X«|V'Mi;Xfl>S • (3.12) 

The physical Hilbert space T-Ly, is obtained by the canonical quantization of the Chern-Simons 



gauge theory on S x M, and the following correspondence is found in |25, 29 1: 



T-Ly: — { conformal blocks for G/G WZW model on E }, 

where G = SU{N). If the knot Kji meets the surface S at m points, the physical Hilbert space 
T~LT,\Ri—Rm consists of conformal blocks for m-point functions which carry representations 
i?a = i? or i? (o = 1, • • • , m) depending on the orientation at the intersection. 



Here we will focus on the torus knots T^'^^"*"^ in a 3-sphere and follow the steps of [30]. 
Among various choices of the surface S, we will consider a slicing of S'^ into a pair of 3- 
dimensional balls B^ connected by a cylinder, as in Figure |^. The physical Hilbert space 
^S^RRRR ^^^ ^^^^ slice consists of conformal blocks for the four point function: 

(pQiR,R,R,R), QeR<S)R, (3.13) 
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{MRhR2)\ 




\MRhR2)) 



Figure 3: Slicing and braiding. 

whose the intermediate state carries an irreducible representation Q G R 1^ R. In general, 
^s2;_RiR2R3-R,4 is spanned by orthonormal states: 



{Ri,R2,R3,R4)\cI)q{Ri,R2,R3,Ra))=6qq>, Q,Q'£Ri0R2. (3.14) 




Q 



Ri R4 

(Pq{Ri,R2,R3,R4) 




Figure 4: Conformal block (/)q'(_Ri, i?2, -R3, -R4) for the four point function. 

For a state \tpo{Ri, R2)) G '^s'^RiR2~R R associated with the lower half of the 3-ball in 
Figure ^ the following expansion can be considered: 



\MRi,R2)) = Yl f^'l,Rj<pQ{Ri,R2,R2,Ri))- 

Qe-Ri®-R2 



(3.15) 
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The coefficient fif^ ^ is determined by taking a pairing of this state with itself: 

{MRi,R2)\MRuR2)) = Y. {^'R^R2 

= ^SUiN) (S ) O i?i O /?2 ; ^) 



(3.16) 



Since the two unknots here are not hnked, we can separate them by an apphcation of another 
shcing along a surface S2 — S^, as in Figure ^ 



7CS 



'SU(N)(.^ ^ O RiO R2'^Q)^SU{N)i^ '^9) — ^SU{N)i^ ^ORi'^Q)Zsu{N)i^ lOiJa!?)- (3-17) 




^St/(Ar)(^''0/?rOfl2'9) 



^Sijimi^' 'I) 




4!'(A-)(s^0fl,;?) 



zhinN]^\0R2:'i) 



Figure 5: Slicing along E2 ~ S^. 
The partition function of the unknot Q i? i^^ S^ is given by the quantum dimension: 

^SU{N) 



^SU(N)i^ ' Or'iQ) 



^SU{N)(^^'l) 



(3.18) 



Here, the quantum dimension dinigi? is a specialization of the Schur polynomial s/j(x): 



diuiqR = SRiq'^), Q = (gir ■ ■ , Qn), Qi = 
which enjoys the following identity: 

SR,{X)SR2{X) = Yl Sq{x). 

QeRi(^R2 
Using these relations, the coefficient fiQ can be determined as: 

cs 



N + 1 



(3.19) 



(3.20) 



^^R.rJ = SQ{qn-Z^^^^^{S-';q) 



(3.21) 



The state \'tp2p+i{Ri, R2)) associated with the top part of the picture ^ is constructed by 
acting 2 p + 1 times with the braid operator Br^r^ on the 3-ball state \iI)q{Ri,R2))'- 



2p+l 



\^2p+i{Ri,R2)) = B'l^j^JMRi,R2)). 



(3.22) 
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The action of the braid operator Br^r^ on the conformal block (J)q{Ri, R2, R3, R/i^) obeys a 
nionodroniy transformation. The eigenvalue of the monodroniy for the conformal block is 
determined by the conformal weights /i/j^ of primary states in the G/G WZW model ||3l[| : 



X'q{R,,R2) = eg^^^e^*(^«i+'^«2-'^Q) = ,Q^^y^iC2{R^)+C2{R2)-C2m , (3.23) 

The quadratic Casimir C2{R) for a representation R of SU{N) is given by 

G2{R) = i(K« + iV|i?|-M!^ , (3.24) 

where Ri denotes the number of boxes in the i-th row of the Young diagram for the rep- 



is 



resentation R, and \R\ := ^^Ri, and kr = \R\ + '^^RiiRi — 2i). The sign e^ ^ = ±1 
determined by whether Q appears symmetrically or antisymmetrically in R10R2. In order to 
keep the canonical framing for the Chern-Simons partition function, it is necessary to make a 
correction to the eigenvalue for the braid operator by a factor qf2(*^2(-Ri)+C2(-Ri)+|C2(-Ri)-C2(-R2)|) 
pC| , |25|] . Therefore, the resulting eigenvalue of the braid operator is given by 

X^^\Ri,R2) = eQ^^^^^2(«i)+C2(ii2)+|C2(i?i)-C2{iJ2)|/2-C2(Q)/2 _ (3 25) 

Combining the above formulae, we can evaluate the braid operator Bj^j^ sandwiched 
between two 3-ball states \ipo{R,R)): 

Z^U(N)iS^T'/^'''-^<l) = {MR,R)\S'j!j^'\MR,R)) (3.26) 

k(+)rR R^2p+l (,,Q 



Z^uiN)iS';q) Yl AW(ii,i?)2p+Mim,Q, 



QS-R^-R 



Our next goal is to categorify / refine this computation. 

In practice, this will amount to replacing every ingredient with its analog that depends 
not only on q, but also on the new variable t or, rather, two variables qi and 52 (that are 



related to q and t via a simple change of variables ( 3.5' 



CS gauge theory refined invariants 



Zsu{N)i^ ^KR;q) -^ Z^|;(^-)(S ,KR;qi,q2) 

dim, i? = Sij(g^) -^ Mij(gf ; gi, ^2) 

,^^(^) ^ ,fll^ll\;^ll«'ll\f^lg-^l^l^ (3.27) 

3.1.1 Refined braid operators and gamma factors 

A physical framework for knot homologies was first proposed in Pq| and later studied from 



various viewpoints and in a number of closely related systems in [32, |3^, 34, 26 1. Regardless 
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of the details and duality frames used, the basic idea is that a graded vector space 'H^{K) 
associated to a knot K colored by a representation R is identified with the space of refined 
BPS invariants that carry information not only about the charge of the BPS state but also 
about the spin content: 

^«(K) = Wih- (3.28) 

This interpretation can be used for performing concrete computations p5| , [2^ , pH| (see also 
[^ , |38| , |39|| and |^, |4l|, |4^) as weh as for studying the structure of T-Lf- (K) for various q 



*j 



and i? [43, 44]. In this section, we will use both methods - based on concrete formulas for 
torus knots and on structural properties for arbitrary knots - to compute colored HOMFLY 
homology and colored superpolynomials of (2, 2p + 1) torus knots. Furthermore, the physical 
interpretation of the homological knot invariants in terms of the refined {a.k.a. motivic) BPS 
invariants is what will ultimately allow us to treat the latter in more general systems on the 
same footing, cf. section ^. 

First, let us recall the five-brane configuration relevant to the physical description of the 



sl{N) knot homologies |28|, |32|, [S^ : 



space-time : M x r*S^ x M4 

A^ M5-branes : M x S''^ x D (3.29) 

\R\ M5-branes : M x Li^ x D 

where Lk is the total space of the conormal bundle to i^ C S'^ in the Calabi-Yau space T*S^, 
and in most of applications one usually takes Z) = M^ and M4 = M^. See e.g. ^^ for further 
details, references, and the outline of the relation between different ways of looking at this 
physical system. 

The precise form of the 4- manifold M4 and the surface D C M4 is not important, as 
long as they enjoy U{\)f x U{\)p symmetry action, where the first (resp. second) factor is 
a rotation symmetry of the normal (resp. tangent) bundle of D C M4. Following [p^ j, let 
us denote the corresponding quantum numbers by F and P. These quantum numbers were 
denoted, respectively, by 2Si and 2(5"! — S2) in [p6| and by 2j3 and n in 



Something special happens when K = T™'" is a torus knot. Then, as pointed out in [26], 
the five-brane theory in ( 3.29 ) has an extra i?-symmetry U{1)r that acts on S'^ leaving the 



knot K = TP''^ and, hence, the Lagrangian Lk C r*S^ invariant. Following [2C], we denote 
the quantum number corresponding to this symmetry by Sji, and also introduce the partition 
function 

Z'stiN)iS^T^''';Q,t) ■■= Tr^.f^ i-lf-q^t^-'^ (3.30) 

that "counts" refined BPS states in the setup ( |3.29| ). A priori, this partition function is 
different from the Poincare polynomial of the sl{N) knot homology, which in these notations 
reads 

r'^W,R^K-q,t) = Tr^^e^^g^t^. (3.31) 
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However, it was argued in [^] that for some torus knots all refined BPS states (|3.28|) have 
Sji = and the two expressions actually agree. 

Similarly, in a dual description after the geometric transition the setup (|3.29| ) turns into 
a system 

space-time : M x X x M4 (3.32) 

M5-branes : M x Lx x Z) 

where X is the total space of the 0{—l) © 0{—l) bundle over CP^, and BPS states carry a 
new quantum number which becomes the a-grading of ^bps ~ '^ijki^)- ^^^ °f ^^^ main 
results in ^^ is that this space has four gradings: in addition to the a-, q- and t-grading that 
in the physics setup correspond to the "winding number" (3 G H2{X,Lk) — Z, and to the 
quantum numbers P and F, the space Hbps = T'Lf'j ki^) ^^^ ^^^ fourth grading, by Sr G Z. 
Therefore, one of the interesting features of the refined Chern-Simons theory is that it pre- 
dicts a new grading on the homology of torus knots and links, thereby upgrading Ti^ ■ (K) 
to a triply-graded theory (labeled by g and R) and similarly upgrading Tif- j.{K) to a homol- 
ogy theory with as much as four gradings! It would be very interesting to study these new 
extra gradings in other formulations of knot homologies. Some hints for the extra gradings 



of torus knot homologies seem to appear in [45|. 



After the geometric transition, the partition function analogous to ( 3.30 ) "counts" refined 



BPS states in the setup (|3.32[ ) : 

Z'-^f(S3,r^'";a,g,t) = Tr^.rf {-if^a^q^t^-^^. (3.33) 



When all refined BPS states have Sr = - which, following I23], will be our working as- 
sumption here - this expression coincides with the colored super polynomial ( ^.7)) , which in 
these notations reads V^{K;a,q,t) = Tr^rcf a^^q^t^. This will be our strategy for obtain- 
ing the colored super polynomials of (2, 2p -\- 1) torus knots. In fact, via the relation with 
refined BPS invariants, we will essentially do the computation twice: first, via direct calcu- 
lation of the refined Chern-Simons partition function ( p.30[ ) and its large A^ version ( f3.33D , 
and then, in section 3.1.3 , by using the structural properties of ( |3.28| ) that follow from physics. 



Although refined Chern-Simons theory is not a gauge theory,'^ its partition function can 
be evaluated by mimicking the steps in the ordinary Chern-Simons theory. In particular, one 
can define "refined analogs" of the S and T modular matrices and the braid operator Bpt^ii^ 
used in (3.26). In addition to these ingredients, we will also need a modification of the refined 



braid operator by the so-called gamma factor proposed in ^, ^, ^, ^ qO|])- Modulo this 
modification, the physical meaning of which is still unclear at present, we need the refined 
variants of 

1. the partition function of the unknot Z^fj,j^AS^ , Oi?i 1) i^^ order to determine the coef- 
ficient HQ, and 



^At least, such formulation is not known at present. 
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2. the quadratic Casimir factor q^^ in the monodromy by the action of the braid operator. 

The former, viz. the refined partition function of the unknot, is given by the partition function 
of the refined BPS invariants of the conifold with a D-brane inserted at the appropriate leg 
of the toric diagram |^^. The resulting partition function is the refined analogue of ( ^.18 ) 
and is given simply by the Macdonald polynomial M/j(x; 51,^2): 

^Sf7(iv)(S^Oi^;9l,92) 

= MR{q^;qi,q2), (3.34) 



see also appendix (|A1|). The combinatorial expression for the Macdonald polynomial is 



MR{qi;qi,q2) = 


N-i+l j-1 


N-i+l j-1 

9 9 

-Q2 Qi 


ii «*-.+ ! H,-. 


«*->+! R,-j 




(■,,>.Hq^ . q^. 


-Q2 ' 9l ' 



(3.35) 



where i?* denotes the transposition of the Young diagram R. Furthermore, the Macdonald 
polynomial satisfies the analogue of (|3.20| ): 

MR,{x;q,,q2)MR,{x;qi,q2) = ^ Ngj^^MQ{x;qi,q2) , (3.36) 

where A'^^ ^ is a certain rational function of qi and q2, namely the Littlewood- Richardson 



coefficient ||5l[. Therefore, as in ( 3.21 ), we can use these relations to determine the refined 
analogue of the coefficient fj/^ j^ that enters the expression ( p. 15 ) for the 3-ball partition 
function: 

' = iVg^^.MQ(gf;(Zi,g2)-^Fc^(;v)(S';9i,92). (3.37) 

Here, following [^6|, we tacitly assumed that generating functions of the refined BPS invari- 
ants, such as (|3.30| ) and (|3.33| ), can be expressed in the form ( ^.12 ), as in a local quantum 



field theory, with a Hilbert space whose states are labeled by conformal blocks. It would 
be interesting to understand better the physical basis for this assumption and to study the 
unitary structure on the "Hilbert space" of the refined Chern-Simons theory. In particular, 
in the case of S ~ T^, one would hope to understand better the identification of the basis of 
orthonormal states with integrable representations. 

As for the second ingredient, the quadratic Casimir factor q'-^^iR) = ^2mhB.^ i\^ jg related to 

the modular transformation T = 1 which acts in the standard way on the homology cy- 

cles of S = T^ in the WZW model. The modular matrix for the action of the T-transformation 
on the characters of 'su{N)k is 

Trq = Tn ■ g^^(^) • 5rq . (3.38) 
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In |2G] the T-matrix for the refined Chern-Shnons theory is proposed: 



il|i?||2 ^f|iJ| 



iref _ T- Ql Id 



^& - r»» ■ i||fl.||2 J,|Bp ■ *«0 ■ P-^8) 



where ||-R|p := Ylii^l- Hence, we adopt a refinement ( ^.271) and the eigenvalue \q {R,R) of 
the braid operator Brr for the refined theory: 



IliJiP N\R\ -illQlP -flQI 



Similar framing factors were considered in [46| and also deduced from the physics of refined 



BPS invariants in |3£]. Here we use slightly modified expressions to match ( 3.25 ) in the 
unrefined limit qi = q2- 

Using these ingredients, we find the partition function Z'^^^,j^JS^,Tj^ ^ ',qi,q2) for the 
r2'2p+i torus knot: 

yrei (c3 rp2,2p+l n 

= Z-f^(^)(S3;<zi,g2) Yl liR-X'^Q\R,Rf'^'-N§j,-MQiqi;q,,q2), (3.41) 



Q 



where, following |46], we introduced a gamma factor 7^j:j- This factor is needed to make the 



partition function for the torus knot invariant under the obvious symmetry T"'™' o T"^'^: 

^SU(N)i^ '^r' ;9i,92) = ^Fc/(Ar)(S , T^ ' ■,qi,q2)- (3.42) 

While the proper physical understanding of the gamma factors is lacking, it does not prevent 
one from doing calculations. Indeed, the gamma factors can be determined by recursively 
solving the consistency conditions ( |3.42| ) for m = 1, • • • ,n — 1 (m < n). In particular, for 
torus knots t'^''^p+'^^ the gamma factors can be found from a single consistency condition for 
p = 0, i.e. for T^'i ~ Q: 

^s'u{N)i^^^'^R Jgi^ga) _ ^5l/(JV)(^^'Ofi'gl'g2) 

= E lRR->^Q\R,R)-NSR-MQiqi;q,,q2) = Mniql;qi,q2). 
Q^R^R 

The gamma factors for symmetric and anti-symmetric representations 



In order to determine the gamma factors from the consistency condition ( p. 43 ), one needs the 
explicit form of the Littlewood-Richardson coefficients N^^. For the symmetric representa- 
tion R = S^ and the anti-symmetric representation R = A^ , the explicit expression for the 
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Littlewood-Richardson coefficients can be obtained from the Fieri formula: 



N 






n 



1 - 9i Q2 



n 



,i-i«2 



i-9r92 



n 



J-1, 



i=i l-^i j=2e+i 1-^1^2 j=^+iVl-9i ^2 



A^: 



A'' A'' 



1 - 9192 



-1 2e 






1-9^ 



4=1 



i=i+l 



qiqi ^ ' 



(3.44) 
(3.45) 



^ ^ 


- 


^ 
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r + i 
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r-i 



A 



n+Lr-(. 



Figure 6: Young diagrams for tensor products of symmetric and anti-symmetric representations. 

For tlie symmetric and anti-symmetric representations, the sign factors e^^ in Xq {R, R) 
lookhke H, |2|: 



qr-\-i,; 
egrgr 



(-1) 



r-£ 






(-1)^ 



(3.46) 



With the exphcit expression for the Macdonald polynomials M^(q'|; ^1,52) given in ( ^.35 ), 
we can solve the constraint ( 3.43| ) and find the following gamma factors (see Appendix ^ for 
details): 



r-e 



r — i 1 



gr+e,r-l 


TT 91 92 - 9l 92 




r-i + l 7 — i+1 

i=l q^ ^ -q^ " 

(. - — - 
_ TT 92 - 92 ' 


Ta'-A'- 


i-1 1 i-1 1 

«=192' 9i -92 ' 9i ' 



(3.47) 
(3.48) 



It would be very interesting to understand the physical meaning / origin of the gamma factors. 
Collecting all the ingredients, ( 0.35 ), ( 3.40| ), and (|3.44| )-( |3.48 ), we obtain a final expres- 
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sion for the partition function (|3.41|) with R = S^ and R = A^: 



R 



7ref 

'SU{N) 



(S^^|;2P+^gl,g2)/^Fc^(^^(S3;gl,g2 



E 



-.2£\ 



{Q2; qi)e{qi; qi)r{A; qi)r+e{q2 ^; Qi)r^e (1 - Q2qi 

{qi;qi)i{q2; gOrfe; qi)r+i{qr^qi)r-e (i - 92) 



r-t 3r-< 
2 



xA '■g^2 ^^ 



-l)'-^^2g^ 



2 q^ 2 



2p+l 



(3.49) 



-^ - ^'' : ^su(N)i^ ^'^Ar^ ;9i,92)/^5C/(Ar-)(S ;gi,g2) 



5(7{Af)^ 



V^ (91; 92)^92; g2)r+K^ ^g2)r+K9/-4 ^■,q2) 



(1-gigf) 



^=0 



(92; q2)i{qiq2] q2)T+i{q2] q2)r+i{q2] q2)r~i (1 - 92) 



X^''^! '92' 



-ir^5g2^2 



2p+l 



(3.50) 



where we used the standard notation for the g-Pochhammer symbol 

n-l 



{x; q)n = n (1 - ^^''^ = (1 - ^)(1 - ^9)(1 - a^'?') •••(!- ^^""') > (3-51) 



fc=0 

and where we introduced 



A := q^ . 



(3.52) 



Now we have all the relevant formulas at our fingertips that one needs to write down the 
superpolynomials of (2, 2p + 1) torus knots colored by the symmetric and anti-symmetric 
representations, R = S^ and R = A^ . 

3.1.2 From partition functions to superpolynomials 

As we already explained around (3^), the reduced colored superpolynomial V^{K;a,q,t) is 
defined as the Poincare polynomial of the triply graded homology Tif, k{K) that categorifies 
the colored HOMFLY polynomial P^{K;a,q). Here, the word "reduced" means that the 
normalization is such that -P^(O) = 1- Although normalization is one of the delicate points 
one has to worry about, luckily it will not be a major issue for us here. 

Besides normalization, there are several other choices that affect the explicit form of the 
answer and, therefore, need to be explained, especially for comparison with other approaches. 
Thus, earlier we already mentioned a very important choice of framing. Another important 
choice is a choice of grading conventions. In order to understand its important role, let us 
recall that the triply-graded homology T-L^,: k{K) is related to the doubly-graded sl{N) theory 



n 



sl{N),R 



(K) by means of the differentials dN , illustrated in Figure 



n 



sliN),R, 



(K) ^ [n^^,^,{K),dN) . 



(3.53) 



Taking the Poincare polynomials on both sides gives (|3.9|) - (|3.10| ) . 
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In order to be consistent with the speciahzation a = q^ (also illustrated on the left side 
of Figure |2|), the (^-degree of djq should be N times greater than its a-degree and of opposite 
sign. The standard convention for the homological t-grading of all differentials d^ with A^ > 
is —1. Modulo trivial^ rescalings, such as a i— )■ a^ and q^^ q^ , there are two sets of conventions 
consistent with these rules used in the literature: 

(a, q, t) grading conventions: 

differentials 



dN>0 
dN<0 
O^colored 



conventions of |27, |4^, ^ 46 



(-2,2iV,-l) 

{-2,2N,2N -1) 

(0,2,2) 

(-2,0,-3) 



conventions of 



{-1,N,-1) 
(-1,7V, -3) 

(0,1,0) 
(-1,0,-1) 



(3.54) 



(3.55) 



Here, we mostly follow the latter conventions and occasionally, for comparison, state the 
results in the former conventions. 

Another choice of grading conventions comes from a somewhat surprising direction. A 
special feature of the colored knot homology is the mirror symmetry conjectured in 

It relates triply-graded HOMFLY homologies colored by representations (Young diagrams) 
R and i?* related by transposition. Although this nice property is also present even in the 
basic uncolored case of i? = i?* = D as a generalization of the q ■v^ q~^ symmetry [27], 
its significance is fully revealed in the colored theory with R ^ R''. In particular, for our 
applications it means that the triply-graded homologies Ti (K) and Ti (K) are essentially 
the same, and so are the colored superpolynomials V and V . 

Put differently, the mirror symmetry ( f3.55 ) implies that instead of two different triply- 
graded homology theories T-L^"^ {K) and T-L {K) one really has only one theory, T-C^K), labeled 
by r, such that passing from R = S"^ io R = k^ is achieved by flipping the sign of the g-grading 
accompanied by a suitable t-regrading. On the other hand, according to ( |3.53| ) the sign of 
the g-grading is correlated with the sign of A^ in the specialization to sl{N) doubly-graded 
homology. Therefore, T-r{K) is related to the sl{N) colored knot homology via 



or 



{U'"{K),dN) 



{■H'-{K),dN) 



''Hsi{N),s^^j^^^ iV>0 
f^^'W'^''(K), N>{) 



(3.56) 



(3.57) 



^Such rescalings are much more elementary choices of notation, rather than interesting choices of grading 
convention that affect the explicit form of the results in a more delicate way. A typical example of such harmless 



rescaling is a doubling of all a- and g-gradings in the last column of (3.54) that gives deg(ajv>o 
as in the middle column, deg(djv<o) — {—2,2N, —3), etc. 



) = (-2,2iV,-l), 
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The choice between ( p. 561) and ( 3.57 ) is a matter of convention. But it is an important choice 



since it certainly affects the form of 7i'^{K) and the corresponding superpolynomial 

To summarize, it seems that in our class of examples we have to deal with at least two 
choices, between grading conventions in ( |3.54| ) and between ( 3.56| ) and ( ^.57 ). A nice surprise 



is that these two choices are actually related |Q: switching from ( |3.56D to ( ^.57 ) has the 



same effect as switching from one set of grading conventions in ( ^.541) to another. In other 
words, to quickly go from one set of grading conventions in ( |3.54| ) to another one can simply 
exchange the role of symmetric and anti-symmetric representations or, equivalently, switch 
the Young tableaux R and its transposed i?*. We shall use this trick in what follows, where 
our default grading conventions will be that of [^] and ( p. 56 ). 



Keeping in mind the relations between different convention choices, now we are ready to 
convert ( |3.49| ) and ( |3.5C1| ) into the colored super polynomials P^(T^'^*'+^; a, g, t) for symmetric 
and anti-symmetric representations. Starting with the symmetric representations R = S"^, we 
can use the following change of variables 



92/ 

q=-, (3.58) 

Q2 

t = 



to write the refined partition function Ze*v^|.^^(S'^,T^r^ ',qi,q2) in terms of a, q, and t. For ex- 

or 

ample, from this identification one easily finds the unreduced superpolynomial V iC)',CL,q,t) 



of the unknot, cf. (3.34): 



Tj^S^fr^ ,\ ^SUiN)(^ ,OA'-.gl,g2) 

V {0;a,q,t) = ^ — ^ = MAr(g|; ^1,92) 



(-l)M'-/2gf i^l^ = (-l)ia-igit-^ i^^ . (3.59) 

{q2;q2)r {q;q)r 



Similarly, the reduced colored superpolynomial of a more general (2, 2p + 1) torus knot is 

7ref / 

'su{Ny 



related to the partition function Z^''j^/^JS^,T^; ^ ; 91,92) via a refined analogue of ( |3.3| ), 



^ ' .Q2J Z-^(^)(S3,Oa^;9i,92) ^ ' 



with the same identification of the parameters ( ^.58 ). Note how the role of R = S^ and 



i? = A^ is exchanged in this relation, in line with the above discussion. Explicitly, from ( ^.50 ) 
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we find 



V'\T'^'^^';a,q,t)=Y: 



i=0 



[qt^] q)i{-at^; q)r+i{-aq H; q)r-e{q; q)r (1 - g^^+^t^ 
{q; q)i{qH'^; q)r+i{q; q)r-i{-at^; q)r (1 - qt^) 



x(-l)''a-5gf-VP-^+^ 



(— 1) a2g 2 t2 



2p+l 



.(3.61) 



This is one of tlie main results, witli these choices of conventions, that we will use for testing 
the refined / categorified volume conjectures (|2.1| ) and ( |2.6| ). 

For completeness, and to illustrate how it is done in general, we also write down the 
colored superpolynomial of (2, 2p + 1) torus knots obtained from ( p. 49 ). In the same grading 
conventions as in the relation ( p.GOj ), the role of symmetric and anti-symmetric representations 
is reversed and we obtain the A'"-colored superpolynomial: 



\qi 



^ vrcf (c3 rp2,2p+l N 



su{Ny 

^5(7{iV)(S^05-;?l'92) 



(3.62) 



where the parameter identification is essentially the same as in ( 3.5j ) with qi and 92 inter- 
changed: 



a = A, 



qi 



(3.63) 



t 



The exchange qi <-)• 92 that accompanies i? -H- i?* is familiar in the context of refined BPS 
invariants as well as in the equivariant instanton counting which, of course, are not unre- 
lated. Hence, from the partition function Z^^^rj^AS^ , O s^'il^^l'^)^ ^^ ^^^ ^^^ unreduced 
superpolynomial V {^■, a, q,t) of the unknot: 

TpA'- ^Ft/(jv)(s^Os'^;gl.g2) 

V {0;a,q,t) = ^^^^ ,^^ ^ ^ , = Msr{q^;qi,q2) 



A 2g| 



- iA;qi)r _ , 



, . , . 3r i—a ^t ^; g)r- 

l)-2a2g2f^^ '^'"^ 



r r r 



{q2;qi)r ' ^' " " {qt'^;q)r 

and the reduced colored superpolynomial of the (2, 2p + 1) torus knot: 

{qt^; q)eiq; q)r{-a-^t-^]q)r+i{-a~^q~^t~^-^ q)r-dqt^;q) 



(3.64) 



pA''/rp2,2p+l. 



.^) = E' 



e=o 



{q;q)eiqt'^;q)r{q'^t'^;q)r+e{q;q)r-e{-a ^t ^■,q)r 



:i 



2^+1^2 



(1 - qt^ 



-a^q 



e^3r-e 



(— 1) a2g 2 t 



-|2p+l 



(3.65) 
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These results agrees with the earher calculations of the colored super polynomials in |Q, |4^ 
for small values of p and r, and provide a generalization to arbitrary p and r. 



Finally, we complete this part by writing the same formulas for the colored superpolyno- 
mials ( p.59| )-( |3.65| ) in a different set of grading conventions that we dub "DGR," cf. ( p.54| ). 
As we pointed out earlier, a simple way to implement this change of conventions, based on 
the "mirror symmetry" ( p.55| ), is to change i? i— t- i?* on one side of the relations (3.59), ( p.60D , 
etc. As a result, we obtain a nice relation between the i?-colored superpolynomial of T^'^p+i 
and the refined partition function of a line operator colored by the same representation R 
(not i?* as e.g. in (U^): 



VSoRiT''''^';a,q,t) = (^ 
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f ^ref 



q3 rp2,2p+l \ 



'SU(N) 



;s3. Or; 91, 92) 



where R = S^ or A"^ . Using ( 3.49| )- (|3.50| ) and the identification of variables ||35| 



(3.66) 



V 51 



q 

t 



52, 



(3.67) 



we find explicit expressions for V§q^{T'^''^^~^^) with R = S'" and R = A^: 

(g2. ^2^2)^(^2^2. ^2^2)^(_^2^. ^2^2)^^^(_^2^-2^. ^2^2)^_^ 



rEoKiT'^''^';a,q,t)=Y^ 



i=0 



{qH^;qH^U-aH; qH^UqH^; qH^UM^t^; qH^)r-i 



M+2+U\ 



^^ q '^ ) ^-r„3r-2i,r-e 



-a-'q-"-^H' 



f_lY-igrgr'^-e{e+l)^r^-i 



2p+l 



(3.68) 



V^aKiT'-''^';a,q,t) = Y: 



e=o 



jq't'; q')e{-a-'t-^; q%+i{-a-'q-H-'-q%.i{q'- q 
{q^- q^)i{qH^; q^Ui{q^; q^)r-,{-a-H-^; q^)r 



K'- q ^ ) r ■3r-2e,3r~e 



(1 - qH^) 



-a'q^'-^H-" 



-lYa'-Q-'-'+'^'+^h' 



2p+l 



(3.69) 



as well as the unreduced superpolynomials of the unknot "PdgrIO)- 



■PDGR(0;a,5,*) 



^DGR(O;a,5,0 



^Fc/(Af)(^^' 05'-;5l,52) 
^5a{JV)(S^;'?l''?2) 

' SU(N) 

^Ff^(;v)(s^;9i,g2) 



(-l)2a"''g''t~2. 



-aH]qH'^)r 
{q^]q^t'^)r 



'^5C/W)(^^' Oa'-;5i,52) 



-inI r rj.- \'^ ^ ]q )r 

'l)2a q t' 



2. r,2\ 



{q ,q 



(3.70) 



(3.71) 
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3.1.3 Homological algebra of colored knot invariants 

Our next goal is to describe a very rich structure of the colored super polynomials that can be 
used either as an alternative way to compute them or as a tool to verify their correctness. As in 
the previous discussion and in most of the literature on this subject [53, ^, 27 1, V^{K; a, q, t) 



stands for the reduced superpolynomial of a knot K colored by i?, and its unreduced version 
is denoted with a bar. 

Suppose, for example, that we wish to compute the S^-colored HOMFLY homology 
T~(-f , j.{T^'^) and the corresponding superpolynomial V^ {T'^'^;a,q,t) of the (2,5) torus knot, 
also known as the knot 5i. By definition (^), at t = — 1 the colored superpolynomial reduces 
to the colored HOMFLY polynomial (|3.6D, which for the knot T^'^ has 25 terms, see e.g. |5l 



P^' (T^'S; a, q) = a^ (g + g^ + g5 + ^7) (3 72) 

+a^ (-g"2 -q^'^ -q- 2q^ - q^ - q^ - 2q^ - q^ - q' - q^) 
+a^ {q-^ + q-^ + l + q^ + q^ + q^ + q^ + q^ + q^) . 

Each terms in this expression comes from a certain generator of the triply-graded colored 
HOMFLY homology 'Hfjf.{T'^'^), cf. Figure |. Therefore, we conclude that nfjf.iT^^^) must 
be at least 25-dimensional. How can we restore the homological t-grading? 

There are many ways to do that, based on the structure of the commuting differentials 
( |3.54 ). For instance, one way is to pick a relation in the infinite set ( 3.53| ) labeled hy N £ Z, 



and to study its implications. Thus, in our present example, the relation ( |3.53| ) with N = 2 
to the 52 colored sl{2) homology -u'f^'^'iT^'^) 



says that the homology of ^f • ^(T^'^) with respect to the differential ^2 should be isomorphic 






K*A^)'d2) = '}CX'' {K) - nTX''"{K), (3.73) 



where in the last isomorphism we used the identification between the symmetric representation 
R = S^ oi sl{2) and the 3-dimensional vector representation of so(3). The latter homology 
was studied in ^^, where explicit answers were tabulated for all prime knots with up to 7 



crossings.*^ In particular, for the (2, 5) torus knot T^'^ the homology T-L^j (K) is also 25- 



?2 , 



dimensional, and by matching the results of [^] with the specialization V^ {T"^'^] o = Q'^,Q,t) 
one can restore the t-grading of every term in ( p. 72 ): 



P^'(r2'5;a,g,t) = a^ [qt^ + qH^ + qh^ + qh^'') (3.74) 

+ a^ {q~H^ + q~^t^ + qt^ + 2qH^ + qH^ + qH^ + 2q^t' + q^f + qh^ + q^f) 
+ a^ [q-^ + q-H'' + t^ + qH'' + qh"" + qH^ + qh^ + qH^ + qh^) , 

where we tacitly assumed that the entire S'^-colored homology 'Hf-^(T^'^) is indeed 25- 
dimensional, so that Q^'-^'^''^ = in (|3.9| ) for the present example. This can be easily 



''it is not difficult to extend these calculations to larger knots, see e.g. [M for tlie calculation of the 
Kauffman homology for the (3,4) torus knot T^''* = 819. 



25 



justified by looking at the other differentials in ( p. 531) or the corresponding Poincare polyno- 
mials (|3^)~(|3lC|). 



Everything we saw in this simple example can be easily generalized to other knots (in 
fact, not just torus knots) and other representations. As the knot K is getting bigger, the 
size of the colored HOMFLY homology lifj f^{K) typically grows as well. At the same time, 
for larger knots and larger homology more differentials act on T-ifj ^i^) iii ^^ interesting way, 



thus providing non-trivial constraints. Among the infinite set of differentials in (3.54) there 



are some special ones, which always act non-trivially, no matter how large or small the knot 
K is. These are the so-called canceling differentials which get their name after the fact that, 
when acting on Ti^- f.{K), they cancel almost all of the terms, except a single one, i.e. 

dim(?^^(i^),dcanceling) = 1- (3.75) 

At first, even the very existence of such differentials might seem very surprising. However, 
they all usually have a simple origin and interpretation. 

Let us consider, for example, the ^''-colored HOMFLY homology Tif- f^{K) relevant to 
the present paper. Then, as we already pointed out in the discussion below (|3.8|), the sl{l) 



homology "H* • (K) should be trivial {i.e. one-dimensional) for every knot K. When 
combined with ( |3.53[ ), this basic property implies that the differential di must be canceling 
for the 5''-colored HOMFLY homology nfl,^{K). 

Another canceling differential in the same theory is d-r, whose origin is very similar: 
the representation R = A^' of sl{N) is trivial when N = r. As a result, T-LIj (K) should 



«,j 



also be one-dimensional for every knot K, and from (3.56) it follows that d-r is also a 



canceling differential for Tif- i^{K). To summarize, in our standard conventions the canceling 
differentials in the 5"'-colored HOMFLY theory have degree 

deg(di) = (-1,1,-1) and deg(d_,.) = (-1, -r, -3) . (3.76) 



These canceling differentials pair up almost all of the terms in the Poincare polynomial of the 
homology 'Hf-f^{K) which, therefore, has the structure ( ^.9] ): 

V^'' {K- a, q, t) = a'-'q-'-H'^ + (1 + a-^qt-^)QiiK; a, q, t) 

= a'-^/'^f2rs ^ (-^ ^ a-\-T^)Q.r{K; a, q, t) , (3.77) 

with a monomial "remainder" R{a,q,t) = a^qH^ and (a, /3, 7) = (-1,1,-1) or (— 1,— r, — 3) 
for di or d-r., respectively. Since (3.77) is obtained by taking the Poincare polynomial of 



both sides in (|3.75), the polynomials Qi and Q-r have non-negative integer coefficients. 



Furthermore, the (a, g, t)-degrees of the "remainder" are determined by a single integer s{K), 



the so-called 5- invariant of the knot K (see |44] for details) 



The structure (3.77) is a "colored generalization" of the familiar property of the ordinary 



HOMFLY homology |27| that corresponds to r = 1 and comes equipped with two canceling 



differentials di and d-i. In that context, the S'-invariant is expected to provide a lower bound 
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on the slice^ genus g*{K) of the knot, which m our normahzation reads 

\s{K)\ < g,{K) 



(3.78) 



and is often tight. The sHce genus of the (p, g) torus knot is |56, 57|: 

{p-l){q-l) 



so that for (2, 2p + 1) torus knots we expect 



(The Milnor Conjecture) 



(3.79) 



Substituting ( 3.7S| ) into ( p. 77 ), it is easy to verify that our result ( p. 74 ) indeed has the 
expected structure, thereby, illustrating how a combination of the structural properties that 
follow from action of differentials can determine 'Hf'-j^{K). In practice, starting with the 
colored HOMFLY polynomial P^{K;a,q), usually one needs only a few of the relations like 
( 3.53| ) in order to find its homological lift {a.k.a. "categorification" ) . Then, the rest of the 
relations can be used as consistency checks. For simple knots (with less than 10 crossings or 
so) this typically gives a largely overconstrained system, that miraculously has a solution. 

Just like it is easier to differentiate a function f{x) rather than to integrate it, it is much 



easier to use the structure based on the commuting differentials ( 3.54 ) to verify the correctness 
of a particular result than to derive it. Thus, even though in principle we could extend 
the derivation of (3.74) to more general torus knots and higher dimensional representation, 
verifying the correctness of our results ( |3.61| ) and ( 3.65| ) is much easier. Indeed, specializing 
to a = —qt~^ and a = —q~^t~^ in ( |3.61| ) we can verify (|3.77| ) in no time! 

Similarly, we can run a test on the A^'-colored superpolynomials (3.65|) of the (2, 2p + 1) 



torus knots. In view of the mirror symmetry (3.55), this is not really an independent test, 
but it is still instructive to see how it works. (In particular, it helps to understand the role 
of mirror symmetry.) As we already discussed earlier, passing from R = 5"" to i?* = A^' can 
be achieved by changing the sign of N. Therefore, if di and d_,. are canceling differentials 
in 'Hf^^(i^), then d-i and dr must be canceling differentials in the A''-colored HOMFLY 



i,jM 



homology "Hf^- f^{K). According to ( 3.54| ), the degrees of these differentials are 



deg(d_i) = (-l,-l,-3) 



and 



deg(4) = (-l,r,-l). 



(3.80) 



so that (|3.75|) implies the following structure of the A'"-colored superpolynomial, c/. (|3.9|) and 



O) 



P^'' {K- a, g, t) = o^/^t^rs ^ (^ ^ a-\-H-^)Q-i{K- a, q, t) 



arsq-r^s,0 



t^ + {1 + a-^q^t~^)Qr{K;a,q,t) . 



(3.81) 



'""The slice genus of a knot K in S"^ (sometimes also known as the Murasugi genus or four-ball genus) is the 
least integer <;*, such that K is the boundary of a connected, orientable surface of genus (;« embedded in the 
4-ball B* bounded by S^. The slice genus is also a lower bound for the unknotting number of the knot K, i.e. 
the least number of times that the string must be allowed to pass through itself in order to "untie" the knot. 
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It is easy to verify that all our results indeed have this remarkable structure. Indeed, using 
( |3.79| ) for K = t'^''^p+^ and specializing to a = —q^^t^^ and a = —q^t~^ in (3.65) we find 
that, respectively, only £ = r and i = contributions survive. 

For completeness, let us describe how the same structure looks in the "DGR conventions" 
( |3.68| ) and ( p.69| ). The grading of the canceling differentials di and d_r for R = S"^ can be 



read off directly from (3.54): 

degDGR('^i) = (-2,2,-l) and degocR (d-r) = (-2, -2r, -2r - 1) , (3.82) 

and, similarly, the gradings of the canceling differentials (i_i and dr for R = AJ" are 

degDGR(rf-i) = (-2,-2,-3) and degocR K) = (-2, 2r, -1) . (3.83) 

Substituting these values of (a, g, t)-degrees (q,/3,7) in the general formula ( |3.9D , we arrive 



to the following structure of the colored superpolynomials in the grading conventions of [27]: 

PgGR(^; «, <1, t) = a2-g-2-t0 + (1 + a-2g-2^-i)Qf G^(i^; a, q, t) 

= a2rs^2r2s^2r2. ^ (^ ^ a-'q-^^'-t-''-')Q^'^''{K; a, q, t) , (3.84) 

V^oniK; a, q, t) = a^^^q^^H^^' + (1 + a-^q-h-')Q^f\K; a, q, t) 

= a2"^g-2'^'"t° + (1 + a-2g2r^-l)gDGR(^. ^^ ^^ ^) ^ ^3 g5) 



Using s = p for K = J'2'2p+i^ j^ easy to verify that our results ( |3.6^ ) and ( |3.69 ) exhibit this 
structure, ensuring the validity of some of the steps in section p.l.l| . 

While the above discussion hopefully makes it fairly convincing how powerful and elegant 
the structure of differentials is, it is just the tip of an iceberg! Indeed, besides the canceling 
differentials that we discussed in detail and that, in many cases, alone suffice for deducing 
the superpolynomials from the colored HOMFLY polynomials, there is yet another class of 



"universal" differentials found in |44|. These differentials are called "colored" because they 
relate homology theories associated with different representations. The simplest example of 
a colored differential discussed in [^] is a differential that, when acting on the 5^-colored 
HOMFLY homology, leaves behind the ordinary, S'-colored HOMFLY homology, modulo a 
simple re-grading: 

(l^^'(K),deolored) = ^°-,fc W • (3-86) 

As in our discussion of ( 3.75| ) and ( 3.77| ), we can take Poincare polynomials of both sides to 



learn the following structure of the S'^-colored superpolynomial, 

V^\K-a,q,t) = V{K;a',q^qt^) + {l + q)Qia,q,t), (3.87) 

which corresponds to the first colored differential on our list ( p. 541 ). Similarly, the second 
colored differential in (3.54|) acts a little differently and leads to a similar, but different 



relation: 

V^\K;a,q,t) = a'V{K;a,q'^,t) + {1 + a-^t-^)Q{a,q,t) . (3.88) 
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Both super polynomials V^ {K; a, q, t) and V{K; a, q, t) that participate in these relations can 
be easily determined from the corresponding HOMFLY polynomials by using the structure 
of either d2 or canceling differentials. Indeed, as a yet another illustration of this method, let 
us explain how it works for the torus knots we are interested in. 

In the case of torus knots, the starting point of this construction - namely, the colored 
HOMFLY polynomial ~ is available e.g. from p^]. In fact, for R = S, the explicit expression 
for the (uncolored) HOMFLY polynomial of an arbitrary torus knot was written already by 
Jones [p3|. In our conventions, the answer for (2, 2p + 1) torus knots reads 

p p 

i=l i=0 

The corresponding (uncolored) superpolynomials of torus knots have the same structure p7[ |. 
In fact, for T^''^p+^ torus knots, all of the terms in the superpolynomial T'{T'^''^'P~^^;a,q,t) 
are "visible" in the HOMFLY polynomial ( p. 89 ) and, therefore, can be determined from the 



structure ( p.77| ) associated with two canceling differentials di and d-i. In our grading conven- 



tions ( ^3.76 ), these canceling differentials for r = 1 have degree (—1, 1, —1) and (—1, —1, —3), 



respectively. Hence, restoring the powers of t in ( 3.89 ) consistent with di and d_i we get 



T'(r2'2P+l; a, q, t) = a^+l ^ q2i-p-^2i+l ^ ^p ^ ^2i-p^2 






Similarly, starting with the S^-colored HOMFLY polynomial (see e.g. ||5^), one can derive 
the S'2-colored superpolynomial for all (2,2p + 1) torus knots, 

^2^2(1 + q){aqtfP{q + at){l + aqH^) {aq-^fP{l + aqH^){l + aqH^) 



I - q^{l + q^Y"^ + qH^ I - q^ {I + q)^^ + qH^ 

which, of course, is consistent with our earlier result ( |3.6l| ). Substituting these colored su- 
perpolynomials into relations ( ^.87 ) and ( 3.88 ), it is easy to verify that they work like a charm. 



Finally, after an exciting discussion of colored and canceling differentials that have a 
universal nature, let us consider a somewhat more rudimentary differential ^2 that, according 
to ( 3.53| ), controls specialization to the sl{2) knot homology, see also Figure ^. This differential 



is actually very important for the subject of our paper since it accompanies the specialization 
to a = g2 and, hence, the definition of the invariant Pn{Q, t) that appears in the refined volume 
conjectures (p.l|) and (|2.6D. This invariant is defined as a specialization (p. 11): 



Pn=r+i{K;q,t) := V^ {K;a = q',q,t) (3.91) 
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and, contrary to ( |3.8| ), for {2,2p + 1) torus knots appears to coincide with the Poincare 
polynomial of the n-colored sl{2) knot homology 'H'^^^'^''^"-{K). Indeed, as one can see directly 



from ( 3.9C ), for the trefoil knot T^'^ = 3i the S'^-colored HOMFLY homology simply contains 
no terms that can be killed by d2. For the next torus knot T^'^ = 5i, there are such terms, but 
according to our discussion around ( p.74| ), none of them are canceled by fi2, ^-e. Q^^'^'' = 
in (0), etc. 

The fact that Pn(T'^'^^^^',q,t) defined in (3.91) appears to coincide with the Poincare 
polynomial J'*H2).^n(2"2,2p+i. g^^~) pf i]^q n-colored sl{2) knot homology has an important 



implication: it suggests that the homological volume conjectures {2A) and (2^) can be for- 
mulated directly in terms of the sl{2) knot homology, as in (|2.2| ), rather than in terms of the 
specialization of the colored super polynomial ( ^.11 ). For example, such homological version 
of the generalized volume conjecture ( |2.6| ) has a nice form 



Y,<ft^dimnff'''-{K) c^ exp Uso{u,t) + f2Sk+i{u,t) h'^) (3.92) 

i,j \ k=0 / 

and describes the asymptotic growth of the dimensions of the n-colored sl(2) homology groups 
in the hmit (O): 



1, 



t = fixed , 



fixed . 



(3.93) 



Similarly, the homological version of the quantum volume conjecture (2.1) presumably can 
be formulated in the form of an exact sequence 







C 



c 



n+1 a"+\ 



c 



n+2 n"+2. 



c 



n+d 



where 

and the maps a> are determined by the coefficients of the quantum operator 

d 
j=0 



(3.94) 
(3.95) 



(3.96) 



Although we believe that both volume conjectures (2.1) and (|2.6|) work equally well for the 



sl{2) homological knot invariants (2.2) as well as for the specialization of the colored super- 
polynomial ( 3.11| ), we leave this question to a future work.^ 

In what follows we simply adopt ( p.llj ) as a definition of Pn{q,t). Then, from (3.61) we 
have 



n-l 



P„(T2'2P+l;g,t) = ^(-l)-l (-l)^g 



e=o 



(n-l)(n+l)-<'(<; + l) 3 
2 i2 



(n-l)-£ 



2p+l 



AH examples considered in this paper suggest that this may be the case. However, a proper understanding 
of this issue requires a closer look at how the differential d2 acts on the colored HOMFLY homology. 



30 



^ ii^-£^i(i-2p)(n-i)-^ (g; Q)n-i{t'^q; q)e{t'^q^; q)2i{-t^q^; g)«+£-i(-^g; q)n-i-i ,^^^. 



{-t^q^; q)n-i{q] q)e{t'^q] q)2i{t'^q'^; q)n+i-i{q; q)n-i- 



Our next goal is to use this result to test the refined / categorified volume conjecture (|2.lD . 

3.2 Recursion relations for homological knot invariants 

In this section we find recursion relations which are satisfied by homological knot invariants, 
therefore, providing concrete examples for one of the new volume conjectures proposed in 
section 2. 

In other words, we find refined quantum yl-polynomials A {x,y;q,t). These are the 
objects which generalize the unrefined quantum curves considered e.g. in [^, |^, ^, ^, pj[| . 
Even though we consider simple examples of knots - the unknot and the trefoil - the fact that 
such refined relations exist and can be explicitly written down is already nontrivial. Having 
found these examples, we have no doubt that their generalization to the entire family of torus 
knots, and even more general knots, exists. Moreover, an important hint about the general 
structure of refined quantum curves for (2, 2p + 1) torus knots is given in the next section, 
where the analysis of the asymptotics of their colored super polynomials reveals the form of 
the refined classical curves A (re, y; t) = 0. To find the full quantum curves in this class of 
examples, one should "just" reintroduce the dependence on q. 

We will derive refined quantum curves from the analysis of the homological knot invariants 
found in section ^ It would also be interesting to find general methods of deriving refined 
recursion relations, similar to ||^, |l^ in the unrefined case, which a priori do not rely on the 
knowledge of homological invariants. We plan to address this problem in the follow-up work. 

3.2.1 Unknot 

As we already mentioned in ( |3.34| ) and ( |3.59| ), in every approach to knot homologies based 
on the refined BPS invariants [^, |2^ the colored superpolynomial of the unknot is given 
essentially by the Macdonald polynomial [^]. In particular, after the change of variables 
( |3.58| ), the ^''-colored superpolynomial reads: 

V'\0;a,q,t) = (-ly^a^iqh-'-^tf^. (3.98) 

Note that when we talk about the unknot, only the unreduced superpolynomial (resp. ho- 
mology) is non-trivial; the reduced one is trivial by definition (which involves normalizing by 
the unknot). Specializing further to a = q^ we find 

Pn=r+i{0;q,t) = (-l)i<^-it-fiz^^. (3.99) 

Note, at i = — 1 this expression reduces to the n-colored Jones polynomial of the unknot 

Jn{0]q) = ii-^i-i (3.100) 

02 — n 2 
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which can be written as the partition function of the SU{2) Chern-Simons theory on a sohd 
torus S^ X D^ ^ S^ \ unknot, 



^5'(2)(s'xD';9) = V^(^-^"') (3-101) 

normahzed by the partition function of the Chern-Simons theory on S^, 



Z^^(2)iS';q) = \h- e^-e-') (3.102) 



-h 

where we used x = e" and u = nh, cf. ( |3.18| ). 

As the homological knot invariant ( p. 991 ) has a product structure, we can immediately 
write down the recursion relation it satisfies 

1 _|_ +3„n+l 

Pn+i{0;q,t) = , „ {-q'h~^)'/'p^{0;q,t). (3.103) 

1 — 



This means that -Pn( O ! 9; ^) obeys the refined version ( |2.l| a) of the quantum volume conjec- 
ture with 

lg(x,y;g,t) = (l + t\x){-q-H-Y/^ - {I - x)y . (3.104) 

In the classical limit g — )■ 1 this recursion relation reduces to the refined classical curve 
A^^^{x, y;t) = defined by 

^g (x, y;q = l,t) = {1 + t^x){-r^f'^ - (1 - x)y . (3.105) 

On the other hand, in the unrefined limit t = —1 the relation ( |3.104 ) takes the form 



lg(x,y;g) = q'^^^l - qx) - (1 - x)y , (3.106) 

and specializing further to g = 1 we get the classical A-polynomial 

A^{x,y) = il-x){l-y). (3.107) 



It is also interesting to consider the second order equation satisfied by (|3.99D . Writing 
the three consecutive colored polynomials it is not hard to see that the following equation is 
satisfied 

P ( „,3^l/2 l-g^' + 2xt3-x^t3 + 2gxt3+gx^i6 

Pn+1 - i-Qt ) ^(^_ 1)^3(1+^^3) Pn + Pn-1 - C (3.108) 

with X = (7". Interestingly, in the unrefined limit t = —1 the dependence on x cancels and 
Jn{0]q) satisfies the recursion relation 

Jn+l - [2]gJn + Jn~l = (3.109) 
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with [2]q = q^'"^ + q ^/^. This means that in the quantum volume conjecture (|1.5|) for the 
unknot we have 

1q (S, y-q) = y- (^^2 + ^-1/2) ^ ^-1_ (3 ^^g) 

In the classical limit g — >■ 1 this becomes equivalent to 

A^{x,y) = {y-lf. (3.111) 

On the other hand, we can also write the classical limit of (|3.108 ) in the polynomial form as 



A'^ (x, y; t) = (1 - x)(l + t^x)y'^ - (-^3)1/2 (1 + ^6^2 _ ^3^^ _ 4^ ^ x^))y + (1 - x)(l + t^x). 

(3.112) 
Starting from this form the unrefined limit reads ^4^ (rr, y) = (x — l)^(y— 1)^, which captures 
the cases ( |3.107 ) and (3.111) which we considered above. 



3.2.2 Trefoil 

Our next task is to derive refined recursion relations for the trefoil. Similarly as in the unknot 
case, we will be able to determine these relations from the structure of the sl{2) specialization 
PniT"^'^] q, t) of the colored superpolynomial. For general (2, 2p-\- 1) torus knots, we found an 
explicit expression for this homological invariant in ( ^.971) , which for the present purpose of 
deriving recursion relations we write in the form'^ 

n-l 

Pn{T^^';q,t) = Y,P{n,k), (3.113) 

fc=0 

where each P(n, k) has a product structure 

P(n, k) = qn-l+nk^2k -Q (^ " g""^^^^ + g'^) . (3.114) 

In particular 

P(n, 0) = g"~\ P{n, n) = 0. (3.115) 

Note that for t = —1 simplifications occur and only one set of products remains in ( p.ll4p . 

To derive recursion relations let us write down the following ratios, which is immediate 
due to the product structure of P{n, k): 

P{n + l,k) _ ,_,! 1-q- 



P{n,k) l-q^-^'' 



(3.116) 



P(n, k + i) _ ^„^2 (1 - g"-'-^)(i + g'+^t) 

P{n,k) ~ ^ * T^^^ ' ^•^•^^^^ 

P{n,k) - ^ * T^^^ • ^^-^^^^ 



^The equivalence between this expression and (3.97) can be easily verified to sufficiently large n. Plus, both 



expressions enjoy the structural properties discussed in B.1.5 
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These equations are equivalent to the following ones (obtained by clearing the denominators) : 

q''P{n + 1, A;) - q^P{n + 1, fc) = (1 - q'')q^^+^P{n, k), (3.119) 

q^P{n, k + l)- q''+H'^{l - q'^t)P{n, k) 

= -q^''-H^P{n, k) + g^^+i (P{n, k + l)+ t^q^P{n, k)\ (3.120) 
P{n + 1, A; + 1) - t3g"+2fc+3(^ _ qn^pin^ k) 

.fc+i (p(^n + 1^ ^ + 1) + t2^«+i(i _ g")P(n, k)) . (3.121) 



These are linear equations in P{n,k) (possibly with shifted arguments n or k). Therefore, 



ideally, we would like to perform the sum over k as in (3.113) to transform them into equa- 
tions for various Pn (possibly with shifted n's). However such summation cannot be directly 
performed because of /j-dependent factors q and q . Nonetheless, we can take these factors 
into account at the expense of introducing auxiliary quantities: 

n— 1 n— 1 

Rn = Y.q''P(.n,k), Sn = ^q^''P(.n,k). (3.122) 

fc=0 A:=0 



Now resummation of (p.llE)-(3.121) can be performed and the answer written in terms of P„, 



Rn, and Sn- Note that because of shifts in n we need to take care of some boundary terms 
arising in various cases for k = or k = n. However all such boundary terms ultimately 
cancel and we get the following system of equations: 

Rn+l + aPn+i = bSn, (3.123) 

cRn + dPn = eSn, (3.124) 

Pn+1 — Rn+l + fRn = ffSn, (3.125) 

where 

a = -g", 6 = g(l-g«), c = g'^ - ^^^"(l - g"t), d = t\^''-\ (3.126) 

e = q-^+t^q^+\ f = -t\^+\l - q^)^ g = t\^+\l - q^) . 

Now we can determine Sn from the first equation and substitute to the remaining two equa- 
tions. This gives a system of two equations, which allows to determine Rn and Rn+i in terms 
of Pn and P„+i: 

-d{h + g)Pn + {l + a)ePn+i ,__, 

Rn = T J- ; (3.12 ('j 

bc-ef + eg 

-bdfPn + {be + aef - aeg)Pn+i , . 

Rn+l = 7 7-, • (3.i28j 

be-ef + eg 

Finally we notice that Rn is related to Rn+i simply by a shift of n by one unit. Therefore, 
shifting the second equation above and comparing with the first one we get a homogeneous. 
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3-term recursion relation 



aPn-l + pPn + iPn+l = , 



where 



^3n—l/„n 



a 



/3 



7 



{q''-q)t' 



{q + q'^n^){l +g"+it3)' 



t' 



-2n _^ q^i 
1 



q - g"+^t^ + g^"t6 + q^^t^{l +t + qt) 
{q + q^'^t^){l + q'^+H^) ' 



q + g2n+2i3 • 

We can also rewrite the above relation in the operator form (p.l|a): 

>f(x,y;(7,t)Pn(r2'3;g,t) = 0. 



(3.129) 

(3.130) 
(3.131) 
(3.132) 

(3.133) 



Here, as in (2.4), y acts as a shift operator P„ — )• P„+i and x acts by multiplication by g", 
so that X and y obey the commutation relation yx = qxy. Then, the relation (3.129) can be 
expressed in terms of the refined quantum ^-polynomial 



with 



a 

7 



A'''^{x,y;q,t) = ay 

x^{x — q)t'^ 
q{q + xH^){l + xqt^) ' 



"^ + /3 + 7y, 



t^x"^ 



1 + x'^qt^ 
1 
q + x'^q^t^ 



q - xqt^ + x^r + xH\l + t + qt) 
{q + xH^){l + xqt^) 



(3.134) 

(3.135) 
(3.136) 
(3.137) 



In what follows we analyse various limits of this relation. In particular, we study the classical 
limit q = 1 and the associated asymptotic structure of the s/2 colored polynomial, and 
generalize these results to other (2, 2p + 1) torus knots. The classical refined ^-polynomials 
which we find for other values of p provide an important guidance in generalizing the full 
quantum relations (3.134) to other torus knots. 



3.2.3 Recursion in various limits 

In order to understand better the refined recursion relation ( p.l29| ), let us consider what 
happens in various special limits, when t = —1 or q = ±1. We begin with the unrefined limit 
t = — 1, which is special for several reasons. First, a direct substitution 
gives rise to the following 3-term homogeneous relation 



-1 



in (13.1291) 



Oi(t=-l)Jn~l + P{t=-l)Jn + l{t=-l)Jn+l 



0. 



(3.138) 



35 



with the coefficients (rescaled by q^ — q^ " compared to ( 3.130D - (|3.132| )) 

I 

o"-l 



/3(i=-l) 

7(<=-i) 



q2n _ g 



1 + 9" 

— q~^ 



+ 



q — q 

r,2n _ . 



■y2n+l _ I 



1 



^2n+l ■ 



(3.139) 

(3.140) 
(3.141) 



This is precisely the homogeneous relation found in ||5| by hand and obtained more system- 
atically in the recent work [0, |l^ by quantizing A{x,y). 

Moreover, in the t = —1 limit, there is also an inhomogeneous 2-term relation, which 
does not exist for other values of t. To derive this inhomogeneous relation we again start 
from the ratios ( 3.116 )-( p.ll8| ). The crucial point is that at t = — 1 the factors (1 — q ~^^) in 
the numerator and denominator cancel. As a result, equations ( 3.117 ) and ( |3.118[ ) take the 
form 



f-'q-" 

'k T('„ I 1 ;, I 1 ^ _ „n+2 



q~ ^q ■\J{n,k) = J{n,k)-q~"-J{n,k + l), 



g~V(n + l,fc + l) 



{l-q^)J{n,k) 



(3.142) 
(3.143) 



and factors q^^ do not appear.^ Moreover if we shift the indices n and k by one unit in the 
second equation, we can explicitly solve for the factor q~^P{n, k) to obtain a single relation 



J{n, k + l) = q'^Jin, k) - ^^'^"^(1 - q''-')J{n - 1, A; - 1) . 



Performing the sum over k and using the definition ( 3.113| ), as well as taking care of the 
boundary terms, we get 



«^n 






1 - a""-^ ,._i 1 - q""-^ 



1 



Jn- 



(3.144) 



This is the same 2-term inhomogeneous relation as presented in |5|. In fact, the homogeneous 
relation ( ^.138| ) also follows from ( ^.144| ): if we normalize ( 3.144 ) so that the inhomogeneous 
term is an n-independent constant, we get 



const 



(>nJn \ GnJi 



n'Jn ~r £?i<Vn— 1 



or, equivalently. 






It is not hard to check that this structure reproduces ( 3.138 ), with au=_i\ ~ €n, /3(t=-i) 
{5n - e„+i), and 7(t=-i) ~ Sn+i- 



*Note that for general t it is not possible to solve for combinations q P{n, k) directly, which is why we had 
to sum over k first using auxiliary i?„ and Sn, to get 3-term homogeneous relation. 
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Other interesting limits of ( p.l29| ) arise when q takes special values. Thus, when 



1 



the coefficients in ( p.l30| )-( |3.132 ) simplify and, up to an overall factor 1 + 1^, take the form 
«(,=!) =0, /3(g=i) = -(l + t2 + t3)^ 7(g=i) = l- (3.145) 

Vanishing of a(<j=i) means that the recursion reduces to the 2-term form: 

Pn+l = il+t^+t^)Pn. (3.146) 



In fact, in the classical limit q = 1, even the full-fledged superpolynomial (3.61), without the 
specialization to a = g^, enjoys a simple and elegant recursion relation, which for (2, 2p + 1) 
torus knots looks like: 



pb" /rjn-^:Zp+i\ 



1 - f 2p+2 



+ at^ 



l-t2p 



V"" {T 



'2,2p+l 



)■ 



(3.147) 



In the limit 



1 - t2 1-^2 

there are also simplifications. However, the recursion ( 3.129| ) still 



involves 3 terms with 



«(,_!) = (l+(-l)")t^ 

/3(,=_i) = (l + t3)(_i + 
7(,=-i) = -1 + (-l)V. 



\n,2 



t' + t'), 



(3.148) 
(3.149) 
(3.150) 



All these limits have a nice physical interpretation that follows from ( p. 29 ) and will be dis- 
cussed elsewhere. Basically, setting the parameters q and t to special values means that in 
the corresponding generating functions ( |3.31 ) - (|3.33 ) one ignores the dependence on either 
the spin F or the DO-brane charge P. 

3.3 Refined ^-polynomials and the refined "volume" So{u,t) 

One next goal is to test the second new conjecture of the present paper - namely, the re- 
finement of the generalized volume conjecture ( |2.6| a) - in a large class of examples associated 
with (2, 2p + 1) torus knots. Specifically, in this section we derive the refined ^-polynomials 
A {x, y; t) for (2, 2p+l) torus knots and analyze the refined "volume" So{u, t) that dominates 



the asymptotic behavior (|2.6| a), thereby verifying (2.7). 

At a very practical level, the refined ^-polynomials arise as the g — )• 1 limit of A {x, y; q, t), 
as we explained earlier and illustrated in Figure |l|. Therefore, if one knows the quantum op- 
erator A^'^^{x, y; q, t), say, as in the case of the unknot or the trefoil knot, then it is trivial to 
find its classical version, A^'^^{x,y;t). However, our conjecture (|2.6| ) provides another way to 
look at the refined ^-polynomial. Namely, according to ( |2.7] ), it determines the asymptotic 
behavior of the n-colored homological invariants Pn{q,t) in the limit ( |2.5| ). Our conjecture 
says that, in this limit, the homological invariants Pn{q,t) exhibit exponential growth with 
the leading term So{u,t), such that 



.Si,{u,t) 



edu 



So{u,t) 



x£Soilogx,t) 



e dx 



(3.151) 
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This gives another way of expressing the dependence of y on x, which is equivalent to the 
equation A^^^{x,y;t) = 0. In other words, the leading order free energy 5o(n, f) computed 



directly from the asymptotics of P„(g, t) must agree with the integral (2.7) on an algebraic 
curve A {x, y; t) = 0. In this section, we will test this equivalence and our conjecture (p.6|a). 
We also determine the refined ^-polynomials even in those examples where the full quantum 
curve A'^'^^{x, y; q, t) is not known at present! 

In particular, for the unknot and for the trefoil knot, for which we already found A^'^^lx, y; q, t) 
in the previous section, we will show that their g — ?• 1 limits indeed agree with the refined 
^-polynomials computed from the asymptotics of the corresponding colored homological in- 
variants. Furthermore, even for more general (2, 2p-\-l) torus knots, for which the full quantum 
A-polynomials are not known at present, we will find the refined ^-polynomials by testing our 
conjecture ( ^.61) . Impatient reader can skip directly to Table y, where we list the explicit form 
of A'^r^2,2p+i (^5 y; t) for several small values of p. In section ^ we will use analogous techniques 
to analyze the refined A-polynomials and asymptotic expansions in examples coming from 
refined BPS state counting. 

3.3.1 Refined yl-polynomial and So{u,t) for the unknot 

We start our analysis with the example of the unknot. This example is quite instructive: 
being relatively simple, it captures all essential ingredients which arise for more complicated 
knots. Recall, that we already determined the quantum refined curve in ( |3.104 ), and its 
classical limit reads ( 3.105| ): 



^g(x,y;i) = (l + t3^)(-f-3)i/2_(i_a;)y = 0. (3.152) 

We would like to verify our conjecture ( |2.6| a) and to confirm that the same curve controls the 
asymptotic expansion of the n-colored homological invariants ( 3.991) : 



^r +-3n^ i~1 * 



2+3. 



Pn{0;q,t) =q- — {-t-')- 



M-1 



{-qH'^X]q)oo {q;q)oo 
where we introduced x = e" = g". Now we can use the expansion of the quantum dilogarithm 



function, see e.g. [p9, 60] 



log(x; ,U = iL„(.) + 1 log(l -.)-± ^i^^l^^ , (3.154) 

where q = e and Uk{x) is a polynomial of degree k satisfying 

Ukix) = {x-x^)U'f,^-^{x) + kxUk-iix), Uo = l. (3.155) 

From this expansion we find the asymptotics 

J^n(0;g,t) =expi(logx log(-t-3)V2+Li2(x)-Li2(-t3:E)+Li2(-t=^)-y+0(/i)), (3.156) 
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so that we identify 



So{u,t) = logx log{-t-^y/^ + U2{x) -U2i-t^x) +U2{-t^) 






(3.157) 



Computing the derivative of this result and using the relation (3.151) we finally obtain 

1 + t^x 



.Sl-,{u,t) 



-3U/2. 



1 — X 



(3.158) 



which is clearly equivalent to the refined A-polynomial ( 3.152| ). 



Let us also stress an interesting feature of the leading order free energy ( 3.157 ). In the 
unrefined limit, t = — 1, this free energy vanishes: 



So{u,t = -l) = 0, 



(3.159) 



which is consistent with the form of the unrefined A-polynomial A^ (x, y) = (1 — x)(l — y) 
given in ( 3.107| ). The factor (1 — y) in this classical, unrefined ^-polynomial is a universal 
factor associated with abelian flat connections connections. Usually, it does not lead to 
an interesting contribution to the free energy, as the integral (|2.7l ) is trivial in this case. 



Therefore, our result ( 3.157 ) could be interpreted as a contribution of a "refined" abelian flat 
connection, which becomes non-trivial once t ^ —1. 

In what follows we use similar methods to analyze more interesting knots. 

3.3.2 Refined yl-polynomial and So{u,t) for the trefoil 

The next example is naturally the trefoil knot T^'^ = 3i. First, let us discuss the structure 
of its refined A-polynomial and the associated free energy So{u,t) from the viewpoint of the 
quantum ^-polynomial given in ( p.l34| ). The refined A-polynomial can be determined by 
setting q = 1 in (|3.134D: 



/iref 



2 l-xt^+x^t^ + xH^ + 2xH'^{t + l) (x-l)a;3t4 
(x, y- t) = y^ — — ^ ^ '-y + \ / „ = . (3.160) 



1 + Xt3 "* 1 + xt3 

We stress that for generic values of t this form does not factorize, as the discriminant 
'l + xH'^\'i 



l + xt^ 



[I - 2t^x + (4*2 + 2t^ + t^)x^ + 2t^x^ + fx^) 



is not a complete square. This means that the abelian branch - represented by a factor y — 1 
in the classical, unrefined A-polynomial - is "mixed" in together with the non-abelian branch 
for generic values of t 7^ — 1. Indeed, the value i = — 1 is very special because the discriminant 
factorizes 



A 



{*=-!) 



:i + x 



3\2 



and, as a result, the ^-polynomial also factorizes 

Al^L{x,y;t = -1) = {y-l){y + x^). 



(3.161) 
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In the latter expression, y — 1 represents the abehan branch, while the "interesting" factor 
y + x^ is what sometimes referred to as the reduced A-polynomial for the trefoil knot. We see 
that for generic values of t such a factorization does not occur, and the "character variety" 
A {x,y;t) = is irreducible, with only one component. For t = —1 it becomes reducible 
and splits into two (or, in general, several) components. 

Once we found the refined curve, we can easily compute S'o(n,t) = J logy— using (2.7). 
For the trefoil knot there is no compact expression for this integral, but one can write it as a 
Taylor series in (t + 1). Namely, by solving the quadratic equation ^^|3(x,2/;t) = 0, we find 

l-xt"^ + xH^ + xH'^ + 2xH'^{t + l) 1 r- 

y = wn^) 2^ 



The first term —x corresponds to the non-abelian branch in (3.161). Then, expanding the 



integrand logy— in powers of (t + 1) and integrating term by term we find the following 

oo 

So{u,t) = 5o(tx) + (t + l)4')(n)+J^(t + l)'=5j')(tx), (3.163) 



,dx 

structure 

k=2 

where Sq{u) is the ordinary Chern-Simons action of the flat SL{2, C) connection on the trefoil 
knot complement: 

2 



So{u) = ^[log{ 



-x^' 



5«(n) = log- ^'-'^' 



x'^{l — X + x^) 



c(2). N _ lo(i). , , -8x^ + 9x3 - 12x^ + 5x - 3 
^0 W- 2'^o W+ 2(x-l)(l-x + x2)2 ' 



Si'\n) = lsi^\u)+' ^^(^) 



fc " ' ' fc!(x- 1)^^(1 -X + x2)2fc-2 

In other words, the k-th order term Sq (u) includes ^^q (u) and also a rational function 
with kl{x — 1) (1 — X + x'^) in the denominator and a certain polynomial Rk{x) in the 
numerator. In particular, we can sum over all Sq (n) contributions, so that 

So{u,t) = i(log(-x3))'-log(-t)log^^^j^3^L_ + i?(a;,t), (3.164) 

where R{x) is certain (complicated) function, whose {t + 1)^ coefficient is -^ (^_i)k(i_J,x2)2k ■ 
We note that for t = — 1 all t-dependent terms vanish. In the next subsection we will confirm 
that the same refined A-polynomial and the same S'o(u, t) arise from the analysis of the 
asymptotic expansion of the colored super polynomials ( |3.97|) . 
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Let us point out that the curve ( 3.160 ) also factorizes in the t = hmit: 

0) = y{y - 1) , 

0. It would be interesting to 



Af2,3{x,y;t 



and there is an associated singularity in So{u,t) when t 
understand this singularity better. 

3.3.3 Saddle point analysis of the homological torus knot invariants 

In this section we analyze general (2,2p + 1) torus knots {p > 1). For this class of knots, 
the quantum refined curves yl^|,2p+i(x, y; g,t) are not known at present (apart from the case 
of trefoil, i.e. p = 1, with the quantum curve determined in ( |3.129| )). Therefore, we cannot 
determine refined ^-polynomials by taking the classical limit of A^'^^, as we did for the trefoil 
knot or for the unknot. Nevertheless, we can determine refined ^-polynomials from the 



asymptotic behavior of the colored super polynomials and their specializations ( 3.97 ). For 
general values of p, we determine parametric representation of such A-polynomials, and for 
several first values of p we rewrite this parametric form as a polynomial A^r^l^2p+i{x,y;t), see 
Table |. 

There is one fundamental difference between the specialization Pn{K; q, t) of the colored 
super polynomial for torus knots found in ( p. 97 ) and that of the unknot ( p. 991 ). Namely, the 
latter is given by an infinite product, whose asymptotic expansion is obtained simply from the 
expansion of the quantum dilogarithm (BTTSl). On the other hand, the homological invariants 
of torus knots are expressed as infinite sums, with each term in those sums given by infinite 
products. Therefore, the analysis of the asymptotic behavior for torus knots is more delicate 
and requires new methods. 

In order to find the "refined volume" SQ{u,t) for torus knots, we apply the saddle point 
approximation |61, 62 1 to ( 3.97| ) and replace the quantum dilogarithm function by 

{z; q)k ~ e^(^'2(')-^'^(''^')) . (3.165) 



Furthermore, via an analytic continuation we can approximate the summation in ( 3.97| ), in 
the asymptotic limit (^.5]), by the following integral: 



(3.166) 



p„(r^'^^+^<?,t) 



^^gKn2,2p+i)(^,^;t)+o(rO) 



with the "potential" function 



V, 



(2,2p+l) 






t) := —p\og{—t) ■ logx + {p + l)7rilog2; + log{x2z ) • logt 



+ {2p + 1) TTilogz + - ((loga;)^ - (logz)^) +log(x2 2; 



-i\ 



logt 



+U2{z) - Li2(x) - U2{t^z) + Li2(-t'^x) + U2{t^xz) 

-U2{-t^xz) + U2{xz~^) - U2{-txz~^) + Li2(-t) - Li2(l), (3.167) 
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and where the parameter z is related to i in ( |3.97] ) via ^ = j^ log z. Now, the dominant 
contribution to this integral comes from the saddle point^ 



dV(^2,2p+i){z,x;t) 



0, (3.168) 



dz 

and the value of the "potential" V{z,x]t) at this saddle point determines So{u,t): 

V{2,2p+i){zo,x;t) = So{u,t). (3.169) 

For the above potential Vx2,2p+i {z,x;t), the critical point condition can simply be expressed 
as 1 = exp {zdV(^2,2p+i)/dz) |^=2o: 

^ _ t-^-^P(x-zo)z-'-^P{-l + t''zo){l + t^xzo) 
{-l + zo){tx + zo){-l + t^xzo) 

Moreover, according to ( p.TD , the solution of A^|_2p+i(x,y; t) = is related to So{u,t) via 

dV^2,2p+i){3:,zo;t)' 



y{x,t) = exp X- 

ux / 

(3.171) 



dx 
^2+2p(_i ^ x)xi+2p(tx + zo)(l + i^2;zo) 



(l + i3a;)(2;-zo)(-l + t^a;zo) 



The equations ( |3.170 ) and ( ^.171| ) constitute our desired result: they provide an expression for 



the refined ^-polynomial, parametrized by zq, for a general (2,2p + 1) torus knot. Moreover, 
for a fixed value of p it is possible to eliminate zq from these equations and write an explicit 
form of the refined A-polynomials ^^2,2p+i (s;, y, t). For p = 1, 2, 3, 4, the explicit expressions 
of the refined ^-polynomials are presented in Table H. For p = 1, this result is consistent 
with the semi-classical limit of the recursion relation ( tJ.16C| ). Further examples are also 
summarized in Appendix [Q. Note that for t = —1 the first equation above ( 0.1 70| ) simply 
specifies the value of zq as Zff = —1, while the second equation (t3.170|) reduces to the 
well-known ordinary A-polynomial for T^-^p+i torus knot: 

y + x^P+l = 0. 

Let us also reveal some remarkable properties of the refined ^-polynomials found above. 
We recall that the ordinary ^-polynomials AK{x,y) are known to be reciprocal 0, 59, B3]: 



AK{x,y) = x^y'AK{x-\y-'). (3.172) 



®To be more precise, there can be subtleties in the treatments of the analytic continuation [|63t|, and the 
convergence and non-perturbative contributions hke C'(e'') of the contour integrals should be discussed more 
carefully. Luckily, none of these subtleties affect our derivation of the refined A-polynomial in the asymptotic 
limit ft — ^ around the exponential growth point. For this reason, we will only discuss the saddle point 
approximation in a sense of the optimistic limit, relegating a more detailed analysis a la |6J, pA pq, pTf to 
future work. 
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Knot 



Af{x,y-t) 



^''T4^(l - ^*' + ^'*' + ^''*' + ^^'*' + 2^'*')y+ ^''l+S*" 



-^2,3 



'^-14^ (1 - t^x + 2t'^x^ + 2*3^2 - 2f*x3 - 2t^x^ + Zf^x'^ + 4t^x^ + t'^x^ + fx^ - t^x^ + 2t^x'^)y'^ 
tl2(_l+a;)2^10 



^2,5 



T 



2,7 



1+ 



jXj(l ~t^x + 2t^x^ + 2i'^x"' -2t*x'=' - 2t^x'=' + Sri* + 4t^x* + t'-a;-* - a^a; 



-4t'a;=' 



-t^x^ + At^x^ + &fx^ + 2t^x^ + t'^x'' - 2ti0x^ + 3i"'a;**)y3 
+ (i.^Ji (3 - 2t2x + t^x + 6*2^2 + 8*^x2 + 2*4^2 - 3*4^:3 _ 2t^x^ + t^x^ + &t*x* + 12t^x'^ 

+10t^x'^ + Afx'^ + 3fx^ + 2t8a;5 - t^x^ + et^x^ + St'^x^ + 2t^°x'^ + 2t"x^ - t^^x'^ + 3ti2^**)j/2 
"MtTF^^^^ - f^x + 2t^x + 4t2a;2 + 6*3 a;2 + 2t4a;2 + 3*5x3 + 4t6x3 + t'^x^ + M^x^ + if x^ 

+t8x4 + 2t»x5 + 2*10x5 + 2*10x6 + 2*11^6 + t^x^ + fl-lx8)y+ ''"'-Hi">>" 



T 



2,9 



y5_ JT^ (1 - t2x + 2*2x2 + 2*3x2 - 2*1x3 - 2*^x3 + 3*'lxl + 4*5x1 + *6xl - 3*^x5 - 4*^x5 
-t8x5 + 4*6x6 + 6*^x6 + 2*8x6 - 4*8x'' - Ht^ x"^ - 2*iOx'' + 5*8x8 + 8*^x8 + 3*10x8 + *llx9 

-3*12x9 + 4*12x10)/ 

ilOf-l+xlx^ 
+ i\_L.^r^\i (4 - 3*2x + *3x + 9*2x2 + 12*3x2 + 3*'lx2 - 6*'lx3 - 6*5x3 + 12*'lx'l + 24*5x1 

+18*6x'i + 6*^x-i - 6*6x5 - 9*''x5 - 6*8x5 - 3*^x5 + 10*6x6 + 24*''x6 + 27*8x6 + 16**'x6 

+3*10x6 + 4*0x'' - 6*11x7 - 2*12x7 + 12*10x8 + 18*iix8 + 6*12x8 + 3*13x0 - 3*i'lx9 + 6*i'lxi0)y3 

t20c_i I ^2 18 
- (l+t3x-)3 (6 - 3*^x + 3t3x + 12*2x2 + 18*3x2 + 6*''x2 - 4*^x3 + 6*6x3 + 2*^x3 + 10*'lx'l 

+24*5 X* ^ 27*6x1 + 16*7x'l + 3*8x1 + 6*7x5 + 9*8x5 + 6*^x5 + 3*iOx5 + 12*8x6 + 24*0x6 

+ 18*10x6 + 6*11x6 + 6*11x7 + 6*12x7 + 9*12x8 + 12*13x8 + 3*11x8 + 3*15x0 - (16x0 + 4*16xl0)y2 
t30^_i , -^a 27 
+ (i^t3xV ('^ " *^^ + ^*^^ + ^*^^^ + ^*^^^ + ^^"^^ + ^*^^^ + ^*^^^ + ^*^^^ + ^*^^'' 

+6*7x1 + 2*8x1 + 3*0x5 + 4*10x5 + *iix5 + 3*10x6 + 4*11x6 + *i2x6 + 2*13x7 + 2*11x7 + 2*11x8 



+2*15x8 + *17x0 + il8xl0)y- 



t40(_l+x)lx36 
' (l+*3x)l 



Table 3: Refined A-polynomials for p = 1, 2, 3, 4. 

This property can be understood either as a consequence of the Weyl reflection in SL{2, C) 
Chern-Simons theory or, alternatively, as a symmetry induced by the orientation-preserving 
involution on the knot complement, M = S"^ \ K, which acts as an endomorphism (—1, —1) 
on Hi{dM) = Z X Z. It beautifully generalizes to the refined case: as a careful reader will 
notice, the equations ( |3.170| ) and ( |3.171| ) are invariant under the following transformation: 



t , X 



-r'x-' 



t'^z~' 



t-'^y-' 



(3.173) 
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Therefore, the refined ^-polynomials satisfies a deformed reciprocity: 



^5?U+i(x,y;t) = x''y'{-tYA'^i2,+i{-t-''x~\t~^Py-';t) 



(3.f74) 



Once we found the refined ^-polynomials, from ( |2.7| ) we can also determine the classical 
action So{u,t) by computing it iteratively around t = —1. The solutions zq = Zj (j = 



1, • • • , 2p) for (3.170) around t = —1 are 



10 



jl + t) f (1 + x)^ ^ _ 2 x^ 1 

+o((i + t)'), 



(3.177) 



where ^j = ex.p{-^^^), j = 1,- ■ ■ ,2p. Plugging this solution into ( 3.171 ), we find the power 
series expansion for yj{x,t): 



yjix,t) 



.2p+l 



+(l + i)- 



X 



2p+l 



'I + x){x + ij){i + xe,j 



(3.178) 
-{-?>x-2px + 2px'^ - 2£,j - 2pij - xij -F 2pxij 



-^x^ij - 2px^^j + x^^j + 2px^ij - 3x^^ - 2px^^ + 2px^^f) 



+Oiil + tf). 



In turn, plugging this expansion into (|2.7D, we obtain a power series expansion of the classical 



^"There are also the other solutions: 



zo-±-. 



(3.175) 



Plugging these solutions into (ii.l7C), we find 



y{x,t) = 



(=Fl + ix)2(l+i33;) 



(3.176) 



We assume that these factors correspond to the solutions zq which are not the saddle points but the critical 
points of the potential V(^2,2p+i){z, x; t). To treat this point in more detail, we need to specify the integration 
path more carefully. Since for p = 1 this solution is not included in (3.160), we conclude that these solutions 
do not describe the saddle points relevant to us. 
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action So{u,t): 

oo 

So{u,t) = So{u) + J2{t + ^)'sS'h 

k=l 

\3 



^0 (-) = log (,.(,,,(, + ^^.)(i + ,^^. J 

2{2p + l){-l + x)[x + ^j)^{l + x^jy 
+3x^^j + ISpx'^Cj + 21x3^^ + SOpx^Cj + x'^Cj + Gpx'^Cj + 3^] + 6p^] + 2x^1 
+12px^] + 30x^^1 + 48px2^| + Gx^el + 24px^C| + 13x^^1 + ISpx^^f + lla;^! 
+18px^] + 3x2^1 + ISpx^ef + 21x^^1 + SOpx^Cj + x'^C] + 6px^e| + 9a;^Cj 
+I2px^^j + 6px^^^), 

S!;'\n) = U'\u) + i, ^- -#i ^,-^. (3.179) 

Summing the terms ^5q , we find the following general form of the classical action: 

(3.180) 



For p = 1, this result agrees with ( |3.164 ), which was derived from the refined quantum curve 



( |3.134 ). Therefore, this agreement proves the consistency of our conjectures in the case of 
the trefoil knot. 

We also note that, because the values of the classical action So{u,t) for zq = Zj and 
zq = Zjj^p coincide, there are in total p independent solutions. This indicates that the non- 
abelian branch of the character variety in the unrefined theory "splits" into p independent 
branches in the refined / categorified theory. The same splitting and the same number of 
solutions can be seen more directly from the form of the refined A-polynomials for (2, 2p + 1) 
torus knots. 

3.3.4 Asymptotic behavior in different grading conventions 

It is instructive to study the asymptotic behavior of the colored super polynomial and its 
specialization (3.11) in different grading conventions. For example, another popular set of 



grading conventions is the one where differentials d^^Q have degree {—2,2N,2N — 1), see 
( |3.54 ). One important lesson of this exercise will be the fact that the limit ( p. 51) has to be 
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slightly modified depending on which grading conventions one chooses. Conceptually, and 
also as a simple way to remember which limit to take, one wants 

qH^ = /' -^ 1 , (3.181) 

where the exponents /3 and 7 represent the degree^^ of the colored differential, cf. ( |3.9D , 

deg(4oiored) = (0,/3,7). (3.182) 



Indeed, with the refined volume conjectures (2.1) and (p.6|) we wish to probe the "large 



volume" asymptotics of the homological knot invariants Pn{Q, t), as n goes to infinity. On the 



other hand, as we explained in section 3.1.5 , the dependence of homological knot invariants 
on the "color" R = S^~^ is controlled by the colored differentials which (in the basic case) 



change the value of n by one unit, see e.g. ( |3.87| ). 

Therefore, in order to study the asymptotic behavior of the homological knot invariants 
under n — )• n + 1 for sufficiently large n, one needs to take a limit in which discrete values 
of n are replaced by a continuous variable x = e"^ and different terms in the chain complex 
( p.94| ) are clumped together in a continuous distribution, described by So{u,t). Therefore, 
this continuous limit is precisely the limit in which dcoiored changes gradings by a tiny amount, 
i.e. the limit ( pUp . 



For example, in the grading conventions of |27|, the first colored differential listed in 
( |3.54| ) has (a, g', t)-degree (0,2,2). Therefore, the right limit to take in this case is the limit 
( |3.181| ) with /3 = 2 and 7 = 2 or, more precisely. 



q^t^ = e'' ^ 1 , t = fixed , x = e"" = e""" = fixed . (3.183) 

In order to make this a little bit more concrete and to understand the issue better, let 
us illustrate how it all works in the large class of examples associated with (2, 2p + 1) torus 
knots. We already computed the colored superpolynomial ( |3.68 ) for these knots in the grading 



conventions of [^], and now to study its asymptotic behavior we will need a couple of useful 
identities. First, applying the Euler-Maclaurin formula |60|: 



N „jv 



f{t)dt + -{f{N) + f{M)) + Y.7^, {/^'"-'Hn)} 

n=ivi -^ k=l^ '' 

f''^''\t)dt. (3.184) 



"" B2n{t) 



IM (2n)! 
to the function /(m) = log (l — X(g^t^)™), we find 



log(^; ^^*^)oo = ^Li2(X) + \ log(l - X) + f; || .fr^|£, (^ + e)-- (3.185) 



^^{2k)\{l-Xf 



11 



For simplicity, here we assume that the a-degree of dcoiorod is equal to zero, as for the first set of colored 



differentials in (3.54) 
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where we temporarily introduced e := logt. In particular for X = ei, one finds the following 
expansion: 

2 

\og{X;qh^)^ = -^h^-insh+^+0{e-'''), (3.186) 



which we can apply to our result for the super polynomial (3.65) or, to be more precise, to its 
specialization ( p. 91 ) at a = g^. 



First, let us see what would happen if, instead of the correct limit ( |3.183| ) that comes 
from the gradings of colored differentials, we naively used the limit (^j^) (suitable for the 
homological invariants in the grading conventions of [44|, where deg(dcoiored) = (0,1,0)). 
We would find that the desired specialization of the colored super polynomial ( p. 681 ) can be 
approximated by an integral, much like in ( p.l66| ), 

^S(r'''"+^« = Q^Q,t) r. jdz e^^("i"+i)(^'^^*)+°(^-') , (3.187) 

with a very simple potential function lj?2^^i(z,x; t): 

^(2,?p+i)(^>^;i) = (2p + l)e ((logx)2 - {\og zf) . (3.188) 

Clearly, the critical point of this potential is zq = 1 and, therefore, the colored superpolyno- 
mial in this grading and in the limit ft — )■ behaves as 

^DGR (^'•'^+'; « = 9', q, t) ~ e^''S$^^)(^'^'--''^ . (3.189) 

This behavior is way too simple to learn anything non-trivial about the "large color" behavior 
of the colored superpolynomial and is not even in the expected form (|2.6| a), which is yet 
another signal that one needs to be very careful passing from one set of grading conventions 
to another. 

Now, let us consider the asymptotic behavior of the same object in the correct limit 
( |3.183| ). Again, as in (3.166), we can write 



with 



^DGR(r'''"+';« = q',q;t) ^ J dze\''' ' J , (3.190) 



^(2,2p+i)(z, x; t) = Li2(-i"^) - Li2(x) + U2{-xt-^) + Li2(xz"^) - Uii-xt-'^z-'^] 

+Li2(2;)-Li2(zt ^)-U2{-xzt ^) + U2{xzt ^) - — 

6 

+(2p + 1) [(log(-t-2)) • (log X) + (^^S^)'-(^^S')' _ ^, log z 
+{logt)-{logz). (3.191) 
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From this potential function, the saddle point condition ( p. 16^ ) and the first line of ( 3.171 ) 
we find the equations for the saddle point that dominates the above integral: 



(i^ - z)z-^-2p(-x + z){t^ + xz) 
~ t{-l + z){x + tz){t^ - xz) ' 

t-l-4P(-l + x)x^+2P(x + tz)(t3 + xz) 
y~ (t3 + x)(x-z)(t2-xz) ■ ^^'^^'^^ 

Eliminating the variable z, we find the refined A-polynomial Al^§^+i{x,y;t). For p = 1, 
the refined A-polynomial will be described in Appendix ^. For t = — 1 we find the same 
behavior as in the analysis of ( |3.170 ) and (3.171): the first equation above only specifies the 
value Zq^ = 1, and the second one reduces to ordinary unrefined A-polynomial equation for 

rp2,2p+l j^j^Q^ y ^ ^2p+l ^ 0. 

The algebraic equations ( ^.192| ) can be easily solved around t = —1: 



g,(l + g,)(-2x + e,+2xe,+x%--2xe|) 
^^+ (l + 2p)(x-0)(-l + 0)(-l + ^Ci) ^ ' 
+0{{l + tf), 



(3.193) 



ii^ij 



with ^j = e^p+i. Plugging this solution into the second equation of (3.192), we find the 
approximate solution for y (as a function of x and t): 



^2p+l 



1 + (1 + t)(-3x - Apx + Apx^ + 2^j + Ap^j + xij - Apx^j + Ax^5,j + 'Apx^^j 



\j - A.px-'ij - Sx^j - Apxi'j + Apx'il)/{-l + x){x- ij){-l + xij 



+0{l + tf . 
From (p. 7]), one can also find the refined classical action So{u,t): 

oo 

1 



(3.194) 



So{u) 



:(i) 



a=l 

log(-x2p+l)^ 



S'o'iu) = log 



2(2p + 1) 

x^P+'^{x-^j){l-xCj) 



(1 



X 



S, 



(2), 



1 



'^) = 2^0 



+ 



(1) 



1 



2(2p+l)(-l + x)(x-ei)2( 



1 + x^,-)' 
x(-7x^ - 8px^ - 2x'' 

+26px^Cj + Sx'^Cj + lOpx^^j - 3^1 



lOpx^ + 9xCj + 14px^j + Sx^Cj + 22px'^Cj + 192;^^^ 



6pC] - 2xC| - l2pxC] - SOx'^C] - ASpx^C] 



„3t2 



.3e2 



„4c2 



„4t2 



2c3 



.2e3 



-Gx-'q - 2Apx''q - Ux^q - ISpx^q + 13x^1 + 22pxq + x^q + lApx^i 
+23x^e| + 34px=^e| - x^^] + 2px^ef - Ha^^^j - Wpx'^^j + 2x^^j - 2px^^j) 



(3.195) 
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and the general form of the classical action: 

Soiu,t) = ^^^ (log(-x^-+^))^ -log(-t)log (^^-^^^^^^^^f^-^^) +^(->*)- 

(3.196) 

3.4 Relation to algebraic K-theory 

So far in this section we have discovered a number of refined ^-polynomials A {x, y; t) 
for various knots, including the unknot (3.105), the trefoil knot (3.160), and more general 



(2, 2p + 1) torus knots discussed in section 3.3.3| . For the unknot and for the trefoil knot we 



also found an explicit form of the quantum j4-polynomial, given respectively in ( ^.104| ) and 

(HI)- 

There is no doubt that such refined and quantum A-polynomials exist for other knots 
as well, and can be determined either by (generalizations of) the techniques we used here 
or via some other methods. In any case, when lifting the classical t-deformed A-polynomial 
to a quantum operator, one encounters an important subtlety: not all classical curves are 
quantizable, and the existence of a consistent quantum curve depends in a delicate way on 
the complex structure^^ {i.e. on the coefficients in the defining equation) of the classical 
polynomial A {x,y;t). Therefore, one should always verify whether a classical t-deformed 
curve actually admits a consistent quantization. 

We should stress that this issue of quantizability is much more delicate for refined A- 
polynomials compared to the ordinary ones. The coefficients of ordinary A-polynomials are 
merely integer numbers, and quantizability imposes non-trivial constraints on these numbers. 
Magically, all A-polynomials of knots and 3-manifolds automatically meet these conditions. 
In retrospect, this is not too surprising, for otherwise SL{2, C) Chern-Simons would simply 
make no sense on 3-manifolds whose ^-polynomials fail to meet these constraints ^. 

The coefficients of refined ^-polynomials, on the other hand, are functions of an arbitrary 
continuous parameter t. Hence, at first it may not be entirely obvious how to reconcile 
arbitrariness of t with the fact that certain functions of this parameter should satisfy rather 
strong constraints. In all examples that we have analyzed, something beautiful happens: as 
we explain below, it turns out that t can be any root of unity. Therefore, it is also natural 
to think of /i = log g as a purely imaginary number, valued in iQ. We conjecture that this is 



^^At first, this may seem a little surprising, because the quantization problem is about symplectic geometry 
and not about complex geometry of C (Figuratively speaking, quantization aims to replace all classical objects 
in symplectic geometry by the corresponding quantum analogs.) However, our phase space C* x C* is very 
special in a sense that it comes equipped with a whole CP'^ worth of complex and symplectic structures, so 
that each aspect of the geometry can be looked at in several different ways, depending on which complex or 
symplectic structure we choose. This hyper-Kahler nature of our geometry is responsible, for example, for the 
fact that a curve C "appears" to be holomorphic (or algebraic). We put the word "appears" in quotes because 
this property of C is merely an accident, caused by the hyper-Kahler structure on the ambient space, and is 
completely irrelevant from the viewpoint of quantization. What is important to the quantization problem is 
that C is Lagrangian with respect to the symplectic form Q, = j-^ A —. 
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a general phenomenon: for any knot, quantizability of the refined 74-polynoniial A^'^^{x, y; t) 
requires t to be a root of unity. This statement could be verified if new examples of refined 
^-polynomials are found or, conversely, this property could help in finding new examples of 
refined ^-polynomials. 

Before we explain the condition on t, let us recall in more detail the general quantizability 
criteria for curves Q. Let us consider a curve (|1.4|): 

C: Ux,y)eC* xC* A{x,y) = o\ , (3.197) 

and the corresponding partition function Z = exp(^5o + . . .) = exp(^ flogy-^ + •••)) ^s in 
(2.6). One has to make sure that this partition function is well defined, which means that all 
periods of the 1-form Im logy— on the curve C are trivial, 

® ( log |x|(i(argj/) — log |y|d(arg j;) J = 0, (3.198) 

and that the periods of the 1-form Re logy— are rational multiples of 27ri, so that for all 
closed paths 7 on the curve C 

^ i (log|x|(ilog|2/| + (argy)(i(argx)) eQ. (3.199) 

The above conditions can be nicely reformulated in terms of algebraic K-theory [^]. Thus, 
the integrand •q{x,y) = log \x\d{a,igy) — log \y\d{aigx) in ( |3.198| ) is the image of the symbol 
{x,2/} e K2{C) under the regulator map (6^, |70|. For curves it is not hard to see that ri{x,y) 
is closed, dr] = 0. However, the condition ( |3.19^ ) means that 7]{x, y) must actually be exact. 
In the language of algebraic K-theory, this means that the symbol {x, y} = must be trivial 
in K2{C{C)) Q. This led two of the authors of the present paper to propose the following 
criterion for quantizability |19]: 



C is quantizable <;=> {x,y} € K2{C{C)) is a torsion class. (3.200) 

Moreover, it is known that the above condition is equivalent to the existence of a decompo- 



sition 1 71] 



xAy = ^riZiA{l-Zi) in A^ (C(C)*) Q (3.201) 

i 

for some Zi £ C(C)* and r^ G Q. In turn, this also means that |71|: 



A(x,y) is tempered, i.e. the roots of all its face polynomials are roots of unity. (3.202) 

By face polynomials we mean the following. We construct a Newton polygon corresponding 
to A{x,y) = ^j • C(^ij)X^y^ , and to each point {i,j) of this polygon we associate the coefficient 
C(jj). Then, each face of the polygon consists of several points labeled, in order, by A; = 
0, 1, 2, . . ., so that the corresponding monomial coefficients for a given face can be relabeled 
as Cfc = C(j j). The face polynomial is defined, then, as f{z) = J2k ^k^^ ■ The condition ( 3.202 ) 
states that all roots of face polynomials f{z), constructed for all boundaries of the Newton 
polygon, must be roots of unity. It is this latter condition that we shall consider below in 
order to test quantizability of the refined A-polynomials. 
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3.4.1 Quantizability of refined yl-polynomials 



We can now analyze under what conditions the refined ^-polynomials which we found ear- 
lier are quantizable. Since we already found the explicit form of such refined polynomials 
A^^^{x, y; t), in order to test quantizability we can simply apply the condition ( 3.202 ). To this 
end, we need to identify face polynomials associated to the Newton polygons of various knots 
discussed earlier. We will analyze separately of the unknot, the trefoil knot, and more general 
(2, 2p + 1) torus knots. We will also discuss an interesting relation between Newton polygons 
in the refined and unrefined cases. 



y 



f (-t)-''' -1 ^ 



1 



I (-t) 



3/2 



Figure 7: Newton polygon for the unknot (left). Red circles denote monomials of the refined polyno- 
mial, and smaller yellow crosses denote monomials of the unrefined polynomial. In this example both 
Newton polygons look the same, so that positions of all circles and crosses overlap. More detailed 
structure of the refined A-polynomial is also shown in a matrix form on the right. Note, that the role 
of rows and columns is exchanged in both pictures: the monomial Ci_jx'"y^ is put in the place (i, j) 
in the Newton polygon, and it corresponds to the entry Cij in the {i + 1)"^ row and in the (j + 1)"^ 
colunrn of the nratrix on the right. 



To start with we consider the unknot; as we will see, general features of this example 
will also be present for more general torus knot. The refined ^-polynomial of the unknot has 
been found in ( 3.105 ), and in the limit t = — 1 it reduces as follows: 



A 



ref 

o 



{i + r'x){-r^f'^-{i-x)y 



-> il-x){l-y). 



(3.203) 



We present Newton polygons for these two polynomials in Figure [^ (left). Bigger red circles 
denote monomials of the refined polynomial, while smaller yellow crosses denote monomials 
of the unrefined polynomial. In the unknot case, both Newton polygons coincide. From 
the matrix presentation of the refined ^-polynomial given in Figure |^ we can immediately 
write down face polynomials for all faces of the Newton polygon. These face polynomials 
are summarized in table |^; they are all linear in z and their roots are t^, 1, (— 1)~^'^, and 
— (— t)^'^. If we insist that the criterion ( f3.202| ) should be satisfied, we conclude that the 
deformation parameter t should be a root of unity. 

Next, let us consider the class of {2,2p + 1) torus knots, for which the refined A- 
polynomials were found in section 3.3.3| . When t = —1 these polynomials reduce, for general 
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face 


face polynomial 


first column 


(_i)-3/2^+(_^)3/2 


last column 


Z-l 


first row 


i-tyy^-z 


last row 


i-tf/' + z 



Table 4: Face polynomials for the unknot. 



p, to the following form^^ 



Iref 
T2,2p+ 



,(x,y;t = -l) = {x-iriy-l)iy + x^P-^y. 



(3.204) 



Interestingly, this form is closely related to the standard ^-polynomials of {2,2p + 1) torus 
knots (y — l)(y + x'^^^^), up to an extra factor (x — 1)^ and the power of p in the last factor. 
While it is desirable to understand the meaning of the form ( p. 204 ) better, here we note that 
its Newton polygon is related in an interesting way to the Newton polygon of the refined 
A-polynomial. Namely, Newton polygons of refined ^d-polynomials for (2, 2p + 1) knots have 
hexagonal shape, as shown in Figure ^ (left) for the trefoil, and in appendix ^ for other torus 
knots. (In all of these figures we use the same conventions as in Figure ^.) Then, the Newton 
polygons for the unrefined ^-polynomials (3.204) have the same overall shape, with only one 
small difference: in their center a "rhomboidal" collection of points of size p x p is absent, as 
clearly seen in the figures in appendix O. 

Apart from Newton polygons, in Figure ^ (right) and in appendix ^ we also present the 
matrix form of refined ^-polynomials. From this presentation it is not hard to read off the face 
polynomials, and conjecture their form for general p, along each six faces of the hexagonal 
shape. These face polynomials are listed in table ^. Interestingly, all these polynomials 
factor into linear factors in z, and the constraint ( 3.202| ) again leads to the aforementioned 
conclusion: the deformation parameter t must be a root of unity. 

Finally, let us consider the ^-polynomials for the trefoil knot in grading conventions of 



p^], cf. (3.54). Newton polygons for both refined and unrefined ^-polynomials are shown 
in Figure ^^- They are also of a hexagonal shape, though much bigger than the Newton 
polygon for the trefoil grading conventions of |44| shown in Figure |8|. The matrix form of 



the refined ^-polynomials in grading conventions of |27] is presented in Figure C14 , and 
the corresponding face polynomials are listed in table g. Again, it is easy to see that the 
quantizability condition ( 3.2021) is satisfied only if t is a root of unity. Therefore, we conclude 
that, even though the explicit form of the refined A-polynomial A'^'^^{x, y; t) may be sensitive 
to the choice of grading, the quantizability is independent of this choice. 



^^Here and in what follows, we multiply Ay2,2p+i by a factor {1 + xt 



3np 



to turn them into a nicer polynomial 



form. 
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-t^ 


-t^ 





2t2(1 + t) 





t^ 


t5 





t^ 


t^ 






Figure 8: Newton polygons for the trefoil (left). Bigger red circles denote monomials of the refined 
polynomial, and smaller yellow crosses denote monomials of the unrefined polynomial. More detailed 
structure of the refined A-polynomial is also shown in matrix representation (right). All conventions 
are the same as in figure 0. 



face 


face polynomial 


first column 


_f-2p{p+l) ^^ _ lyp 


last column 


{-l)f>{z + t^)P 


first row 


z-l 


last row 


_t2p(p+l)(^_^2p) 


lower diagonal 


{-l)Pt^P{z-t^P+y 


upper diagonal 


(_1)P+1(2 -I- i2p+2\p 



Table 5: Face polynomials for (2, 2p + 1) torus knots. 



4. Examples coming from refined BPS invariants 

It is known that J\f = 2 gauge theories can be geometrically engineered by considering type 



II string theory on appropriate toric Calabi-Yau manifolds [72|. The corresponding mirror 
manifolds have the form of a hypersurface 



ZlZ2 



A{x,y) 



(4.1) 



in C^ X 



-'*2 



Upon the suitable identification of parameters the mirror curve A{x, y) = 



agrees with the Seiberg-Witten curve of the 5-dimensional theory on a circle, and its ap- 
propriate scaling limit reproduces the ordinary Seiberg-Witten curve of the 4-dimensional 
theory. While the knowledge of the Seiberg-Witten curve is equivalent to the knowledge of 
the prepotential of the gauge theory, in fact much more is known to be true: entire series 
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face 


face polynomial with a = q 


first column 


-t^z-lfifz-lfit'z+lf 


last column 


-t^\tz-lf{tz + lf{t^z + l)^ 


first row 


-t^^{z-t){t^z-l) 


last row 


-{z-t^){t^z-l) 


lower diagonal 


-t^{t^z-iY 


upper diagonal 


-t^\t^z + lf 



Table 6: Face polynomials for the trefoil knot in grading conventions of 



of gravitational corrections to the prepotential, which are encoded in the Nekrasov partition 



function |f2|, can be determined from topological string theory on the toric Calabi-Yau man- 
ifold. More precisely, topological string computation reproduces Nekrasov partition functions 
for 5-dimensional theories in the fi-background with ei = —62, and the appropriate scaling 



limit reproduces Nekrasov partition function of the 4-dimensional theory |73]. The corre- 
sponding BPS degeneracies are also encoded in ordinary topological string amplitudes. For 
toric manifolds, these topological string amplitudes can be computed using the topological 



vertex [[74 1 . 

Presently, we are interested in refined BPS degeneracies. It turns out that they are 
naturally encoded in Nekrasov partition functions in a nontrivial i7-background, parametrized 
by arbitrary values of qi = e'^^ and ^2 = 6"*^^. Conjecturally, these amplitudes should be 
reproduced by a refined version of topological string theory on a toric Calabi-Yau manifold. So 
far such genuine formulation of topological strings is not known. It is however postulated that 
it should be reproduced via a combinatorial formalism of the refined topological vertex. While 
there are various formulations of the refined vertex, see e.g. [^], we use here a combinatorial 
definition in |7^. In this case, the refined vertex amplitude can be written in terms of 
Macdonald polynomials Pr (see section Al) and skew Schur functions s^/5, and it reads 



CpQR{qi,q2) 



In particular 



ll' + ll^ll' «(Q) 



?(S 



Qi ^ Pr4Qi '^Q2,qi 



„ , |S| + |P|-|Q| 
(?2\ 2 



-P^-R 



-R*^-p\ 



spysiQi Q2 )sq/s{Qi 92)- 



c..n(,i\,i')=(-ir{ff"%r''" n 



{i,j)&R 



a{i,j)+l l{i,j) ' 
ll I2 



(4.2) 



(4.3) 



where a{i,j) 
R. 



Ri-j and l{i,j) 



^ 



i denote the arm-length and leg-length in a diagram 
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A few notational remarks are in order. Parameters t and q from the original formu- 



lation in 1 76] are replaced in the above expression respectively by qi and q2, which agrees 
with conventions in ||35| , |4^ . The non-refined limit corresponds to qi = q2- Similarly as in 
[^ ], in computing open string amplitudes we use vertex amplitudes with inverse parameters 
Cpqr{Qi :<l2 )• Moreover, following the convention in [^5|, we denote symmetric represen- 
tation 5*" by a Young diagram R = (r). 

The framing factor (associated to the amplitude already expressed in terms of q^ and 
q2 ) is defined as 



fRiQl,Q2) 



.l)\R\ 



n{R) 



12 



2 



where 



n{R) := Y,{i - l)Ri 



We typically allow general values of framing by including this factor raised to the power 
So, in particular, for the representation R = (r) the framing factor takes the form 



(4.4) 
(4.5) 



f(r){qi,q2) 



-f 



(-1 



y\t'-'^ . 



Using the above conventions we are able to compute refined BPS state generating func- 
tions Z^^{u, q2,qi) of toric manifolds in the presence of branes. However, what we are really 
interested in are difference operators which annihilate these open refined BPS partition func- 
tions (up to, possibly, some universal inhomogeneous term) and refined mirror curves which 
arise as classical limits of these difference operators. As we demonstrate below, from the 
knowledge of Z^^{x,q2,qi) we are able to determine such difference operators, at least for 
a class of toric manifolds which do not contain compact 4-cycles. It turns out that the role 
of parameters in these operators is as follows: q2 is the quantum parameter which enters the 
commutation relation 

yx = q2xy, (4.6) 

and, therefore, it plays the role of q in previous sections. ^^ Combining this with the fact 
that qi = q2 = Q defines the unrefined limit, i.e. the limit t = — 1 in the notations of the 
previous sections, we quickly conclude that, up to a slight redefinition qi i— ;■ qf and q2 



ql 



the identification of the parameters is essentially as in ( 3.67 ): 



92 



Q2 



(4.7) 



Note, with this identification of the parameters, in the classical limit, i.e. when q = q2 = 1, 
we can simply identify t with —qi. Of course, with different choices of the preferred direction, 
etc., the role of qi and q2 could be different. 



^■^This will become clearer a little later, when in (4.10) and (4. IS) we start writing the generating functions 
{x, 52, ?i) in terms of products of the form Hi^ill ~ 9i92~^)i where g2 plays the key role. 



^opcn 
^BPS 
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(deformation parameter t=—q^) 



Figure 9: With our choice of conventions, the parameter q2 = q = e^ is responsible for quantization, 
whereas t = — — is the deformation parameter responsible for the refinement. Hence, the "classical 
limit" corresponds to 52 = 1, while gi = 1 is the so-called Nekrasov-Shatashvili limit. Finally, gi = (72 
defines a locus in the space of parameters where refinement is turned off, and the problem can be 
formulated in terms of ordinary topological strings. 



Having found the difference operator, or quantum curve, we can analyze asymptotic be- 
havior of Zgp'^^(x, g2, Q'l) and determine the leading order amplitude S'o(x,q'i) = /logy-^. 
Using saddle point analysis we can also determine the form of the refined mirror curve 
A^'^^{x, y;qi), and show that it agrees with the classical limit (72 —^ 1 of the difference equation. 

Before we present detailed results, let us stress that the form of the open string amplitude 
depends on various choices, such as preferred direction, framing, and the edge of a toric 
diagram to which the brane is attached. We will mainly discuss the most interesting case 
of branes on the external edges, along the preferred direction. This is certainly the most 
interesting case for C^ geometry, as in that case Z^^(x,q2,qi) is a nontrivial function of 
both qi and 52- For branes associated to either of the two non-preferred directions of C^, the 
amplitudes Z^^{x, q2,qi) are given entirely in terms of either qi or 52, and essentially do not 
differ from non-refined amplitudes [76|. Moreover, for branes along the preferred direction, 
an inhomogeneous term arises in the difference equation. Having found such inhomogeneous 
equation, we show that it implies that a homogeneous equation of a higher order is also 
satisfied. For more complicated geometries some simplifications occur for branes along non- 
preferred directions, which is also a reason why the branes along the preferred direction are 
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most interesting in general. In all cases, we will consider branes with arbitrary value of 
framing. 

4.1 Refined quantum mirror curves 

In this section we derive the refined quantum curves relevant in the context of the open BPS 
state counting (or topological string theory). They can be regarded as refined and quantum 



versions of mirror curves A{x,y) = which appear in the mirror geometry (4.1) for toric 
three-folds. Specifically, we consider open refined topological string amplitudes for branes 
along preferred directions, in general framing, for C'^ and conifold geometries. It brings only 
some technical, but no conceptual challenges to generalize the computations below to the case 
of "generalized conifolds" (i.e. toric three- folds without compact 4-cycles). To find quantum 
curves in the present context, in this section we derive the refined open topological string 
amplitudes Z^g and find difference equations which they satisfy. Then, in the next section 
we consider the classical limit 52 —^ 1 of the quantum curve, show that it is equivalent to the 
saddle point analysis of Z'^^, and describe properties of the resulting refined mirror curves. 

C'^ or tetrahedron 

To start with, we consider the simplest toric geometry of C'^, in arbitrary framing /. Its ordi- 
nary mirror curve - which is equivalent to the "single tetrahedron" curve from the perspective 
of hyperbolic geometry and knot theory - takes the form |ll 



A'^'ix, y;qi = l) = l-y + x(-y)^ = . (4.8) 

To find the refined and quantum generalization of this curve we consider the refined BPS 
partition function in C^ geometry with a D-brane located along the preferred direction. In 
arbitrary framing such an amplitude reads 

^BpT = E/^(^i''?2)-^c..i?,(9rS92"')^i?(^)- (4.9) 

R 
Performing the summation we get 

00 , , k ^ 

For / = this result reduces, as it should, to the brane amplitude in C'^ in phase III found 
in jTH] (after identifying x = —Q). If we write now 

00 

k=0 

we can easily determine the ratio of the consecutive coefficients, ^^±1^ so that 



a-k 



\f.Jk gl 



{l-qiq'^W+l = -x{-iyqJ''^ak. (4.11) 

a/92 
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Performing the summation over k on both sides of this equation we find that the open string 
ampUtude satisfies the following inhomogeneous difference equation 



Q.2 V?2 ^ q.2 



(4.12) 



This is the refined and quantum version of the ordinary mirror curve (4.8). Because the 
inhomogeneous term is independent of x, acting on it by y leaves it invariant. Therefore, if 
we multiply both sides of the above equation by (1 — y), the inhomogeneity on the right hand 
side vanishes, while the degree in y of the left hand side increases. Commuting all y operators 
to the right we obtain the following homogeneous equation of a higher degree 



1 



H — yH — y +—^x{ 

(12' 92 yfqi 



-yy + qiVQ^xi-yy^')zZ"s = O- (4.i3) 



We note the similarity of the factor (1 — y), which brings the equation to the homogeneous 
form, to the factor representing abelian flat connection in SL{2,C) Chern-Simons theory. 

Conifold 

We now repeat the above calculation for the conifold, whose ordinary mirror curve in general 



framing takes the form |1£]: 

A-f(x, y;q^ = l) = l-y + x{-y)f + Qx{-yy+^ = . 



(4.14) 



To find the refined and quantum version of this curve, we again consider the brane located 
along the preferred direction of the conifold. More precisely, we wish to consider the brane 
amplitude normalized by the closed string partition function. Such an amplitude can be 
written as 

oo , 

^0'k= ^ SR{x)fR{qi,q2)'^ — 
fe=0 R={k) 



yopen 
^BPS 



b. 



(4.15) 



where 



bR = Y.^-Q)\'^\Cp.R{q^\q^^)Cpt„{q2\(ll^ 
P 

'gi\ll«llV2 



PRM;q2\(li') n(l-Q'?i '^2 
«J=1 



-i+1/2 -j+l/2+Ri 



(4.16) 



and Q denotes the Kahler parameter of the conifold. The normalization factor in this case is 
nothing but 

Ziff = b. = Y.{-Q)\''\Cp.,{q^\q^^)Cp.„{q2\<ll^) 



P 

oo 



W{i-Q<iT^"\?'-"\ 



(4.17) 



«j=i 
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and it follows that for representation R= {k), cf. 

h ^ I k T r-, -1/2 J-l/2 

Collecting the above ingredients, we find the following structure of the open BPS state par- 
tition function 

oo cxD , h ^ ^ ni —1/2 «— 1/2 

^B^Ps" = E «^ = E(-l)^'"^^^l'''"^ (-^) n T' l\ ■ (4-18) 

fc=0 fc=0 ^'^^ 1=1 1-9192 

We also find that the consecutive terms a^ are related as 

(1 - qiq^)ak+i = (-l)^+^/'^^x(l - Qq-^^'\t'^'\k • (4.19) 

\/92 



Summing both sides over k gives rise to the inhomogeneous equation 

92 V92 ^ 92 



This is the refined and quantum version of the conifold mirror curve (4.14). We can also 



bring this equation to the homogeneous form at the expense of increasing its degree in y, by 
multiplying both sides with (1 — y). Commuting all y operators to the right gives 

l-(l+^)R^y2^^x(-y)/+(QV9r+9i^/9i)^(-y)^+'+Q^/ft92x(-y)Mz°P^ = 0. 
^ 92^ 92 V92 ^ ^ ^ 

(4.21) 

4.2 Refined mirror curves, So{u,t) and quant izability 

Once we found the refined quantum curves, we can easily determine the classical refined 
mirror curves. Namely, much as in the knot theory examples, we can find them in two ways. 
First, they arise as ^2 — ^ 1 limit of the quantum curves. Secondly, they can be determined 
by the saddle point analysis. As we will see momentarily, both methods consistently give the 
same result. The limit ^2 — j- 1 of the C^ quantum curve ( 4.12| ) leads to the following refined 
mirror curve 

A'''^{x,y;qi) = 1 - q^y + q^xi-y^ . (4.22) 



Similarly, the refined mirror curve for the conifold can be obtained form ( 4.20 ) and takes the 
form 

A'^'ix, y; 9i) = 1 - 9iy + qM-yV + Q^/^x(-y)^+i . (4.23) 

By looking at the form of this refined ^-polynomial, a careful reader will recognize a close 

relation with the example of the unknot discussed in section y. Indeed, a simple change of 

variables 

unknot conifold 

X ^ {-iy+^t~'^xyf (4.24) 

y H> {-t)~^y 
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relates refined A-polynomials (|3.152| ) and ([4.23|) , provided that we identify qi = —t as in (4.7) 
that the Kahler parameter of the conifold is tuned to a special value: 



Q 



3 



(4.25) 



i dx A dy 



Note, the transformation ( 4.24 ) preserves the holomorphic symplectic form ^ = -^-^ A -^^ on 
C* X C* relevant to quantization. 

To confirm that the same refined curves ( 4.22| ) and ( [4.23| ) arise from the saddle point 



analysis we follow the strategy of section 3.3.S, where we discussed analogous curves coming 
from knot theory examples. Specifically, much like in ( 3.166| ), we wish to approximate the 
BPS partition functions Z'^^ in ( 4.1C1| ) and ( [4.18 ) by the integral 



reopen 
^BPS ~ 



dz ei(^(^'^'9i)+ci(s)) _ 



(4.26) 



As the computation is analogous for C'^ and the conifold, we present it just in the latter case; 
the result for C^ is easily obtained by setting Q = 0. Therefore, using the conifold amplitude 
in the form (|4.18| ) and the expansion of the quantum dilogarithm given in ( tj.l54| ) , we find 

f 

V{z,x;qi) = {logz){TTi{f + l) + logxqi) + -{logzf 

__ 1 /o 1/9 

+ U2{qiz) -U2iQqi z) -U2{qi) +Li2{Qqi ). 

0, written in the exponential form 1 = exp{zdzV\z=zo) , 



The saddle point equation dzV\z=zo 
leads to the condition 

1 = 



-xqi{-zo) 



f l- Qzpq^ 



1/2 



1 - zoqi 
On the other hand, from the relation between y and Sq = V^q get 



y 






e-^^^ = zo. 



Eliminating zq from the above two equations we find 

A'^'^x, y;qi) = l-qiy + gix(-y)^ + QV^x(-y)^+\ 



(4.27) 



(4.28) 



(4.29) 



This result indeed reproduces the refined ^-polynomial for the conifold ( 4.23| ), and setting 
(5 = gives the refined curve for the C'^ geometry obtained in (4.22). 

We also note that the two equations ([4.27]) and ([4.28) can be rewritten in the form 



X = x{zq) -- 

y = y{zo) = Zq . 



l-Qzo9i 



(4.30) 



This is a parametric form of the refined mirror curve, and for gi = 1 it agrees with the 
parametrization considered in [|l9|], where such a representation was used to find the (unre- 



fined) quantum curve. Nonetheless, the framework of [19| cannot be applied to the present 



60 



case since it works only if we start from the unrefined classical curve, and upon quantization 
introduce a single quantum parameter q = qi = q2- On the other hand, for the purposes of the 



present paper, we would like to keep the classical parameter qi fixed in ( 4.30 ), and perform 
quantization with respect to another (quantum) parameter 52; this is a different quantization 
problem compared to the one considered in |p^ . 

We also note, that in fact it is possible to construct a deformed classical curve, whose 
associated closed string amplitudes (computed by the ordinary Eynard-Orantin topological 
recursion p2[) would coincide with refined topological string amplitudes. Such curves have 



been constructed in [77, 78, 79] for toric manifolds without compact 4-cycles, and in that case 
a classical deformation parameter was identified as /3 = — ei/e2. For example, for C^ such a 



/3-deformed mirror curve can be written as |79]: 



A{x,y;l3) 



x^y 



(1 + y) 



1+/3 



(4.31) 



so that for /3 = 1 it reduces to the mirror curve of C^ in framing i^- However, this curve is 
completely different than the refined curve which we found now in (4.22). It is desirable to 
understand the relation between these two deformed classical curves, and between the two 
corresponding quantization schemes. 

Having found the refined mirror curves, we can finally determine the leading free energy, 
given by the integral So{x,qi) = flogy-r on an appropriate curve. For C^ we integrate over 
the curve ( 4.22| ). The explicit expression in terms of the variable x can be written in framing 
/ = 0, so that 

So{x,qi;f = 0) = -{logx){logqi)-U2{-qix). (4.32) 



In this case, we also clearly see a singularity at qi 
the exact answer in terms of y variable 



0. For general framing we can express 



So{x,qi;f) = -^(logy)2 + (logy)(log(l-OTi)) + Li2(ygi 



(4.33) 



In our next example, namely the conifold, the free energy So{x,qi) is a Q-deformation of 
the C^ result. An explicit expression in terms of the variable x can again be given in framing 
/ = 0, so that 



So{x,qi]f = 0) = -(logx)(loggi) -Li2(-gix) + Li2 



Qx 



(4.34) 



In this case we also clearly see a singularity as qi 
the exact answer in terms of the variable y: 



Soix,qi;f) 



f 



(logy)^ + (logy)( log 



1 



yqi 



0. For general framing we can express 

Qy, 



1 



yQ 

^91 



+ U2{yqi) -Li2( 



(4.35) 



Finally, let us comment on the quantizability of the refined classical curves which we found 
in this section. These curves are, in a sense, more general than the refined A-polynomials 
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16 16 

— O "^ X O "^ X 

1 1 

Figure 10: Newton polygons for refined (black dots) and unrefined (white dots) A-polynomials, for 
C^ (left) and conifold (right). 

for knots analysed in section |3[ This is so because, apart from the deformation parameter 
qi, they in general depend on Kahler parameters Qi. Therefore, the quantizability conditions 
should impose some constraints on qi as well as on Qi, and this is indeed what happens. 

Much as in the analysis of the refined ^-polynomials for knots, we can consider the 
quantization condition (|3.202). To this end, we need to construct face polynomials f{z) for 



all faces of Newton polygons for BPS quantum curves. Such Newton polygons, for both C 
and the conifold, are shown in figure ^. These polygons coincide in refined and unrefined 
cases. In fact, they are quite simple, as each face contains only two lattice points, so that all 
face polynomials f{z) are linear in z. For example, for C^ they look like 

z-qi, z + i-lYqi, z-i-iy. (4.36) 

Therefore, in the refined C^ case, we immediately conclude that meeting the constraint (3.202) 



requires qi to be a root of unity, much as in the knot theory examples, where the deformation 
parameter t was forced to be a root of unity. In the conifold case, we find that both qi and 
Q must be roots of unity. This imposes an interesting condition on the Kahler parameter: 
log Q must be a pure imaginary rational number. We expect that similar conditions arise for 
refined mirror curves of general manifolds, i.e. qi and all Kahler parameters Qi in general 
are required to be roots of unity. 

4.3 Refinement as a t^visted mass parameter 

Now, let us discuss the physical interpretation of the general setup considered in this section 
and the corresponding interpretation of the classical action So{u,t). 

As we already reviewed in the beginning of this section, compactification of type II string 
theory on a toric Calabi-Yau 3-fold X is a natural arena for a "geometric engineering" of 
J\f = 2 super symmetric gauge theories in the remaining four space-time dimensions. In this 
setup, BPS states of the "effective" four-dimensional gauge theory are simply the closed BPS 
states from the vantage point of the Calabi-Yau 3-fold X. Moreover, counting refined closed 
BPS states means that, from the viewpoint of the 4d A/" = 2 theory, we keep track of their 
spin J3. 
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Much of our interest comes from counting open refined BPS states in a slight generahza- 
tion of this setup, with a D4-brane added: 



space-time: 


W X X 




U U 


D4-brane: 


M2 X L 



(4.37) 



Since the extra D4-brane here is supported on a special Lagrangian submanifold L C X, it 
preserves half of the supersymmetry and, as explained in |34], yields a "geometric engineering" 
of a half-BPS surface operator in A/" = 2 gauge theory on M^ (see |^, 32, ^ for a purely field 
theoretic definition of surface operators). In a special case when X is the conifold and Lk 



is the Lagrangian submanifold associated to a knot K, the system (4.37) becomes identical 
to the physical setup ( 3.32| ) discussed in section |3|, after compactification on a circle from 
M-theory to type IIA string theory. 

From the viewpoint of the J\f = 2 gauge theory on M^, the generating function of open BPS 
invariants -^^pg^ that plays a central role in this section can be interpreted as the instanton 
partition function of the gauge theory in the presence of a surface operator [p3, 



8^, |8|], 



much like its "closed" counterpart Zgpg' is the K-theory version of the equivariant instanton 
l'^ without surface operators [12, g 



counting on I 
symmetry of '. 



Let 50(2)i X 5*0(2)2 be the rotation 
preserved by the surface operator in ( 4.37| ), such that 50(2)2 is the rotation 



symmetry along the 



C 



and 50(2)1 is the rotation symmetry of its normal bundle. 



Note, from the viewpoint of the Euclidean Af = (2, 2) theory on the surface operator, 50(2)2 
is a rotation symmetry (part of the two-dimensional Poincare group), while 50(2)i is a global 
R-symmetry. In fact, both symmetries in this brane system were already discussed in section 
|3.1.1| , where we gave them a name U{l)p and U{1)f, respectively. In particular, the global 
R-symmetry is: 

U{1)f = 50(2)i (4.38) 

If, as usual, we denote by ei and €2 the equivariant parameters for 50(2)i and 50(2)2, 
respectively, then the generating functions ■^Bpg' and Z^^ are known to have the following 
form, see e.g. [36, 87]: 



^closed/, , \ 
^BPS (£1)^2 J 



exp 



exp 



and 



eie2 
1 

eie2 



--^(ei,e2) 



(4.39) 



^(0) 



+ 



ei + €2 
eie2 



^(1) 



+ ... 



^bpT(^1'^2) = exp 



— W + ... 

£2 



(4.40) 



where T^^' is the prepotential of the four-dimensional J\f = 2 theory and W is the twisted su- 
perpotential of the two-dimensional J\f = (2, 2) theory on the surface operator. In particular, 

, Q), the twisted superpotential is given by the integral 



as explained in [g^] (see also ^8 
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of the Seiberg-Witten differential vdu = logy-^ over a path: 

yV{u) = I vdu 



(4.41) 



on the curve A{x, y) = 0. 

Now, let us explain how our discussion in this paper compares to the Nekrasov-Shatashvili 
limit and its relation to quantum integrable systems. There are some similarities and some 



differences, and both are important. First, the limit considered in [13| in our notations is 
ei = with e2 playing the role of the quantization parameter (in the quantum integrable 



system). This is very similar to the limit (2.5) and the discussion in this section, where 
h = —€2 also plays the role of the quantization parameter and the only essential difference 
is that ei (equivalently, qi = e^^) is allowed to take any finite values, so that for small h we 
have * = ~f^ ~ ~Qi- Ii^ this respect, what we consider can be viewed as a refinement of the 
Nekrasov-Shatashvili limit, cf. Figure 0. 

There is an important difference, however, which has to do with the fact that [13| consider 
the partition function of the 4d gauge theory or, from the vantage point of the Calabi-Yau 
3-fold X, the generating function of closed BPS invariants ( [4.39| ). In particular, the Yang- 
Yang function of the quantum integrable system is identified with the following limit of the 



instanton partition function in the absence of any surface operators [13|: 

1 



hm eilogZgg|=^(ei,e2) 

ei-!>0 



A^(0)+^(1) 
£2 



0{e2) 



(4.42) 



This expansion should not be confused with a similar- looking expansion in ( 4.40 ), which 
describes the behavior of the open BPS partition function or, from the gauge theory viewpoint, 
represents the contribution of a surface operator. In particular, the leading term J^'"-* in ( 4.42 ) 
depends only on the closed string moduli, whereas a similar leading term W in ( 4.40| ) depends 
on both open and closed string moduli. Thus, the variable u in our discussion or, equivalently, 
X = e" is an open string modulus. 

Keeping these remarks in mind, we can express the refined volume conjecture (|2.6|b) as 



a statement that the free energy logZ^g{qi,q2) has a first-order pole in the limit (|2.5D: 



log^BPs'(fi'«2) 



Soiu,t) 

h 



+ 



as 



92 = e'^ - 


■> 1 and — = 

92 


—t = finite 



(4.43) 



where we used (4.7). This, at the same time, is both open and refined generalization of (4.42). 
In particular, in the special case t = —1 (or, equivalently, qi = 1) we recover ( 4.40| ), with the 
twisted superpotential 

W(n) = 5o(u,-l). (4.44) 



Therefore, we conclude that So{u,t) which appears in the refined volume conjecture (2.6b) 
is a "refinement" of the twisted superpotential in the M = (2, 2) surface operator theory^^ 



^^To be more precise, it is a three-dimensional Af — 2 theory on a circle that is relevant to the K-theoretic 
version of the vortex partition function [M . 
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with a twisted mass for the global symmetry U{1)f {- 
the surface operator), c/. ( |3.31| ): 

rhp = log(— t) . 



rotation in the plane orthogonal to 

(4.45) 



As a simple example, let us consider a two-dimensional M = (2, 2) theory with a tower of 
Kaluza-Klein states obtained by reducing a three-dimensional N = 2 chiral multiplet on a 
circle. The twisted superpotential of this theory has the familiar form W = Li2(— fx), where 
we assumed that the 3d chiral multiplet on R^ x S"*^ has charge +1 with respect to both 
U{1)f as well as the global U{1) symmetry with twisted mass logx. Therefore, in the twisted 
superpotential ( 4.34| ) we can recognize a contribution of two chiral multiplets. Similarly, in 
the expression ( 4.321 ) for the tetrahedron (or C^) we recognize contribution of a single chiral 
multiplet. In general, the number of chiral multiplets is equal to the number of dilogarithms in 
Sq{u, t), and the charges of chiral multiplets are simply the powers of t and x in the arguments 
of these dilogarithms. It is easy to recognize such contributions e.g. in (|3.166|) . 

To summarize, each chiral multiplet in the D4-brane theory ( 4.37]) (or, to be more precise, 
in the five-brane theory on a circle, cf. ( ^.32[) ) contributes to the twisted chiral superpotential 
a dilogarithm term: 



tetrahedron A 



<r^ 



chiral 



o 



twisted superpotential 



5o(A;n,t) = Li2(e- 



n-u+np rhp] 



where np is the charge of the chiral multiplet under the global R-symmetry ( |4.3^ ) and n 
denotes the charges of the chiral multiplet under all other flavor symmetries (with twisted 
mass parameters u). Here, we also identified the example of a single chiral multiplet (or 
C^) discussed in the present section with a single tetrahedron in examples coming from 3- 
manifolds, cf. H, g, |l|, |9l|, |2|. 



Model 


values of n^ 


unknot 


0, 3, 3 


tetrahedron 


1 


conifold 


h-h 



Table 7: Values of rip in prominent examples. 

More generally, one can consider a three-dimensional N = 2 theory T that contains Nj 
chiral multiplets (/>j, i = l,...,Nf with charges nj, under global flavor symmetries U{l)a, 
a = 1, . . . ,N. This could be either a low-dimensional effective fleld theory in brane systems 
( |3.32 ) and (|4.37 ), or a three-dimensional N = 2 theory Tm associated to a triangulation of a 
3- manifold M, 

M = IJ Ai . (4.46) 
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In either case, the refinement is achieved by assigning each chiral multiplet (pi (resp. each 
tetrahedron Aj) one extra charge rip that describes how (pi transforms under the R-symmetry 
U{1)f, which may already be a part of Ha ^(l)a- Then, using ([4.45| ), we conclude that passing 
from unrefined theory to refined theory has the effect of introducing the f-dependence in the 
classical "volume functional" (= twisted superpotential) via a simple rule: 

W(x.) = 5]Li2(n<") - 5o(x„t) = j;Li2((-tr^n^"") (4.47) 

i a i a 

modulo logarithmic ambiguities that depend on choices of framing, polarization, etc. In other 
words, at least in such models, the essential information about the refinement is contained 
in a set of charges {n^} that need to be assigned to chiral multiplets or, in the language of 
3-manifolds, to tetrahedra Aj. While many examples are considered in the present paper (see 
Table 0), a systematic rule for assigning {rip} will be presented in the follow-up work. 
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Appendix 

A. Miscellaneous results on knot invariants 

Al Macdonald polynomials 

Let Pn be the power sum symmetric function in a; = (xi, X2, • • •) 



oo 

Pn:=J2x^. (Al) 



For any symmetric functions / and g, a scalar product is introduced as: 

{f{p),9{p))qi,q2 ■= f{P*)9{p)\constant part, K ■= n- ^^— • (A2) 

-L ~ ^2 (^Pn 

with p = {pi,P2, • • •) and p* = iPi,P2, • • •)• The Macdonald function Pr{x; (71, 92) is uniquely 
specified by the following orthogonality condition and normalization: 

{PR{x;qi,q2),PQ{x;qi,q2))qi,q2 = ^: {Ry^Q) (A3) 

PR{x;qi,q2) = "^ URQ{qi,q2)mR{x), URR{qi,q2) = l (A4) 

Q<R 

where mR{x) is the monomial symmetric function: 

i^r{x) := 2_j ^1 "'^^^ ^2 " ■ ■ ■ ' {^^) 

and URQ{qi,q2) G Q('7i;92)- The dominance partial ordering R > Q denotes the condition: 
\R\ = \Q\ and Ri + ■ ■ ■ + Ri > Qi + ■ ■ ■ + Qi for all i. The scalar product of the Macdonald 
functions is given by 

1 _ g^«-^+i/*"' 
{PR{x;qi,q2),PQ{x;qi,q2))g,,q^ = T\ \ , ,^ ■ (A6) 

'h] J- - 9l 92 

Explicit form of the Macdonald function Pr{x; Q'l, 92) 

Using the definitions above, the Macdonald functions are determined explicitly. Up to r < 3, 

the Macdonald functions Psr+i,r-i{x;qi,q2) and Pj\^r+i,r-i{x;qi,q2) are 

Ps^{x,qi,q2) = Pi, 

p f s (l + gi)(l-g2) Pi ^ (l-gi)(l + g2) P2 p . . pI P2 

Ps^^^^'i^^l^) = i_^^^^ y+ ,_^^^^ y, ^5M(x,,i,g2) = y-y, 

p , (l + gi)(l-gf)(l-g2)^ pf (l-gf)(l-gi) P1P2 

rs-^lx,q^,q2) (i_^^)(i_^^^^)(i_^2^^)g +(l_g^g,)(l_g2^2) 2 

{1 - qi){l - ql)il - ql) p^ 



+ 



;i-g2)(l-'?i'72)(l -9192) 3 



p / ^ (1 -92)(2 + gi + g2 + 2gig2)Pi , {q2 - qi){^ + q2) P1P2 

Ps2,i{x;qi,q2) = ^ — + ^ ^ 

l-qiqi 6 l-qiqi 2 

(1 - gi)(l - (?i) P3 



(1 - g2)(l - qiqi) 3 
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PAiix,qi,q2) = Pi, 

PA^(.x,qi,q2) = Pshi{x,qi,q2), P^i,i{x,qi,q2) = Ps2(,x,qi,q2), 

D / ^ Pi P1P2 , P3 
PA3{x;qi,q2) = y 2~ Y' 

P/^2,i{x;qi,q2) = Ps2.i{x;qi,q2) (A7) 

Using SF,^^ we can generate the explicit expression of the Macdonald polynomials for more 

examples. 

Specialization Mjj(g|; (71, (72) 

Specializing 2; = g| (qj := {N+l)/2—j, j = 1, • • • , N), we find the polynomial Mii{q2; 9i; 92) := 

Pr{x = q2]Qi-,Q2) as (|3.35| ). Up to r < 3, the Macdonald functions Mgr+i,r-i{q2;qi,q2) and 

M^r+<?,r- <?(g|; gi,(/2) are listed as: 

Msi{q2\Qi,Q2) = -^— 



1 _i ' 
Q2 - I2 ' 



Ms2{q2;qi,q2) 



MsiA{qi;qi,q2) 



Ms3{q2;qi,q2 



Ms2.i{qi;qi,q2) 



A2 - A^2 I Aiqf - A 2q^ 



1 _i \ / i 1 _i _i 
(I2 -%! \ 5i Q2 - 9l ' 92 ' 



A^ - A 2\ lA^q^ - A 2^2 

Ui -12^] {92 -q2^) 
aI - A'^) [A^ql - A'hq^'^ ) [A^qi - A'^q^ 



^2 - ^2 M 9l 92 - 9l '92 M 91 9| - 9r^92 ' 



A2 - A~2 ) A^ql - A~2q-^ ^ j^^q^ 2 _ y^-agl 



92 -92 M 9i92-9i '92 



A^Ai(9f;9i,92) = Msi(g|;gi,g2), 

MA2{ql,qi,q2) = Msi,i(9f; 9i, 92), MAi,i(gf; gi, ^2) = Ms2{q^;qi,q2) 

1 ^ ._i ^\ / .1 _i 



.43 - A"2 ) ( ^2^2^ -^ 2g| ) (^2^2 -A 2^2 

(92 - 92 M (92 - 92 ^) (92 - 92 ' 

A^A2,i(92;9i,92) = Ms2,i{ql;qi,q2), (A8) 



16 



SF is package of Maple program created by J. Stembridge, which is available from 
http://www.math. Isa.umich. edu/~ jrs/maple .html#SF/ . 
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where A := gg , and the power sum symmetric function p„ is 



Pn 



A — A — 

A2 - A~2 



2 2 

Qi - Q2 



(A9) 



A2 Consistency check of the gamma factor (|3.47 ) and (|3.48| ) 

Here we check the consistency of the gamma factors ( ^.47 ) and ( ^.481) by applying the identity 
of the q-hypergeometric function. Plugging 'Jglgj''' of ( 3.47| ) into the consistency condition 

tion: 



^SU(N)(^^^ Os'^'^i'^'s) ill ( 3.431) , we expect the following rela- 



{q2;qi)r 



Y^ (92; qi)e{qi;qi)r{A; gpr+^fe ^^; Qi)r-e (1 - q2qf) , -^y-e^^-^ - 

frf, iqiiqi)dq2;qi)r{qiq2;qi)r+iiqi]qi)r~^i (1-92) ^ 



(r-<;)(r+<;+l) 3r_ 
2 g/ 



(AlO) 



Here we quote an identity eq. (2.8.1) of [p3]: 

{a;q)r{b;q)r{c;q)r 
{q;q)r{aq/b;q)r{aq/c;q)r 

_ {Xbc/a; q)r y^ (A; q)i{l - \q^^){\b/a; q)i{\c/a; q)i{aq/bc; q)e (a; q)r+i{a/X; q)r-£ (ay 
{qa'^/Xbc;q)r f^ {q;q)iil - X){aq/b;q)i{aq/c;q)(>{Xbc/a;q)i {Xq;q)r+i{q;q)r-£ ^XJ 

(All) 
Choosing q = qi, X = q2 and a = j4 in the above identity and taking 6, c — ?• limit, we find 
iA;qi)r 



{qi;qi) 



.l)r^-2r^-r(r+l) 



(be) 



r(r+l) 



e(e+i) 



fiYj^-2r — --2-^ r/^ N-rv^ (g2; gi)^! " g2gf ) {^■,qi)r+e(.q2^^',qi)r-e . ^y 2 



£=0 



{qi; qi)e{l - ^2) (92^1; gi)r+£(gi; gi! 



'r-e 



q2 



■n,(ri— 1) 



where {x/b;q)n -^ {—x)"'q 2 5~" and {xb;q)n — )• 1 under 6 — )• limit. This coincides with 
( lAlOf ) and proves the gamma factor for R = S^ . 

For the 7 factor for the anti-symmetric representation A*", we expect the following relation: 

TD i e \ [ ^\r Ar/2 r/2 (^" ;q2)r 

PA-[q2,qi,q2) = (-1) A I q^ — ^ 

\q2\q2)r 

)-r(r-2) 



V^ (gi;g2)£(g2;92)r+H^ ^ g2)r+£(gi ^^ ^;g2)r-£(l-gig2^) . Y\ij^ r ^^^^ 
^ (92; 92)^(9192; g2)r+Kg2;g2)r+K 92; g2)r-£ (1 " ^l) ^^ 



(A12) 



Choosing <? = 92) A = 51, and a = A ^ and taking 6, c — )• 00 in ( All ), we also find the same 
identity as ( |Al^ ). 
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A3 WKB analysis 

A3.1 Another expression for Pn{T'^''^^^^;q,t) 

As an analogy with an expression for the colored Jones polynomial for T^'^^"'"^,we find a 



conjecture for yet another expression of Pn{T'^''^^~^^',q,t) which is consistent with ( 3.97 ). 

In 10, 0, 0, 0, the expression for the colored Jones polynomial for (2,2p + 1) torus 
knots is given as: 



J„(r2'2P+l;g)=gP(«^-l) 



kp>->k2>ki>0 {Q^Qjkp 



p-1 
a=l 



K+1 



(A13) 



where the q-binomial coefficient is defined by 



n 
m 



{q;q)n 



{q;q)n-miq;q)m' 



(A14) 



By comparison with ( p.97| ) for some lower orders in r and p, we can introduce the t 
deformation as follows: 



P„=,+l(r2'2P+l;g,t) 



(p-l)r(r+2) 



E 

i+j<r 



.1 — i=kp>kp-i>--->k2>ki>0 



r+(r+l)(i+i)+^^^2pi+3j. 



[r]'! 



p-1 



I I f-^f^a ^ \rZa l^pji'^a f^p J- j n \ o, '^a-\-l) 



[ka+l]'l 



a=l 



where 



[n]'! = [ir[2]'...[n -!]'[<, 



[ka]'l[ka+i - K]'l ^ 
n = ■ 



'i]'\m[r - i - j]'\ 
(A15) 



1 



1 + ^ + ...+ 



^n-l 



Furthermore, we can simplify the expression using the Cauchy's q-binomial identity: 

k 



. sr^ j liipi {q;q)k 

i-xq;q)k = l^x-'q 2 



i=0 



{Q;Q)j{q;q)k-j' 



(A16) 



Specializing x = q^'^^t'^ and k = r — i in the above identity, we find 

->2,2p+l. 



Pn=r+l{T'^'''+';q,t) 



^(p-l)r(r+2) y^ 

r=kp>kp—i>--->k2>ki>i>0 



+(r+l)u2pi (~^ g^ '■:'l)r-i{q 



H 



p-1 
a=l 



■^(,'^fi ^) rt \^CL <^p)\f^a f^p J- J ^\<^a 1) yf^a "^a + l j _ 



{q;q)i{q;q)ki 
1 






{q;q)ka+i-ka 



(A17) 
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Now let us study the asymptotic behavior of ( A17 ). In /i — )• hmit, we find the following 
expansion: 



P, 



n=r+l 



(T 



■2,2p+l. 



■,q,t) 



Y[ dza eft 

0=0 



{V(2,2p+l)izc„X,t))+0{h) 



(A18) 



V{2,2p+i){^,x,t) = {p-l)(logxf + 2p{logt) -(logzoj + Oogxj-Oogzo) 

+ ^[2(logt) • (log(z„zo 1)) - (logz^x 1)2 + {log ZaZQ ^) ■ (log z^z^^ 



a+1' 



a=l 



+U2i-t^x) - LiaC-tVzo 1) - Li2(x) + Li2(2;o) + ^h{ziZQ ^] 



p-i 



-pLi2(l) + J2 ^^2{Za+lZa ^), 



(A19) 



a=l 



where ka = \ log Zq for a = 1, • • • p, i = -^ log zq, and r = I log x. 
The critical point of this potential is determined by 



1 = exp 



dV(2,2p+l)iz,X,t) 
dZa 



(a = 0, ••• ,p- 1). 



(A20) 



Combining a condition y = exp {xdV(^2,2p+i)/dx), we find the following set of algebraic equa- 
tions for Za'- 



t^x\zi - Zq) 



t^x{x — Zp^i) 



Zi(zo-l)(t3x2 + Zo)' 

t^x'^{Zp_2 - Zp-l) 
Zp-lZp-2{Zp-'i — Zp^2) 

(-1 + x)zlz^ ■ ■ ■ Z^_^{t^X^ + Zof 
(1 + t^x){x - Zp-l) 



Zp-l{Zp-l — Zp^2) 

t^X^iZa - Za+l) 



1 



ZaZa+l{Za-l — Za) 



t^x\zi - Z2) 

ZlZ2{zo - Zi)' 

(A21) 



After eliminating z^ (a = 0, • • • ,p—l), we obtain the same refined A-polynomials ^^2,2^+1 {x, y; t) 
as given in Table |3|, which are computed on the basis of ( (3.61 ) for p = 1, 2, 3, 4, 5. 



A3. 2 Asymptotic limit of ^^^^'(r^'^P+i; a, g, t) with a = qH"^ 

As we discussed in section p. 3. 4 , for the (colored) superpolynomials in grading conventions of 
[p^] , the right limit to consider is 

q^t^ -^ 1, (A22) 

with X = q^ and t kept fixed. In other words, in this grading conventions, the combination 
\og{qt) plays the role of a small expansion parameter /i — )• 0. On the other hand, if we 
think of the HOMFLY variable a as a = e^'' (as opposed to a = q^), then it might be 
natural to consider a specialization of the superpolynomial to a = (e'*)^ = q^t^ (instead of 
a = (f'). With this motivation in mind, here we consider the "large color" asymptotics of the 
superpolynomial specialized to a = q^t^. 
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Much as in ( ^.166| ), we find 



' DGR U 



^^^P+';a = qh^ 



,q,t)r. /d,eK^(?.t"-:i.(^'^^*)+^('-')) 



(A23) 



with the potential function 



^(2,2jSl)(-2'^;0 = U2{-t^) -U2{x) + U2{-tx) +U2{XZ-^) -U2{-t^XZ-^)] +U2{z) 



vr 



-U2{zt ^) + U2ixzt ^) - U2i-txz) - — 



+(logi) • (logzx^^) + {2p + l){logxz^^) ■ (}og{—x2z^)). 



(A24) 



Prom this potential function, eqs. ( 3.168 ) and (|3.171| ) yield the equations for the saddle point 
that dominates the integral: 



tit'^ - zo)zq^p \-x + zo){l + txzo) 



y{x,t) 



{-l + ZQ){t3x + Zo)it^-XZQ) ' 

(-1 + x)x^P+^{t^x + zo){l + txzo) 



(1 + tx){x - Zo){-t'^ + XZq) 



(A25) 



Eliminating zq, we obtain the refined A-polynomial. In Appendix]^ the refined A-polynomial 
for p = 1 is described explicitly, with Newton polygon presented in figure |C7| , and matrix 
form given in figure pi4 (right). 

The saddle point equations ( |A25 ) can be easily solved near t = —1. Up to the second 
order, we find the approximate solution for y{x, t) in the form: 



/ X + 2g, - 3x^, - 4x^g, + 3x^g, +xC 
y{x, t) = -X P^ 1 --— — ^ . . . — -T -{t + 1) 



{-I + x){x - ^j){-l + X^j) 



+0(l+t)^ 



(A26) 



Note that the leading order term in this equation encodes the unrefined curve y + x'^p^^ = 0, 



which agrees with t = —1 specialization of the second equation in ( A25 ). From ( |2.7| ), one 
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also finds the refined classical action So{u,t): 

oo 

so{u,t) = so{u) + Y,i^ + trs!,''\i 



a=\ 
1 



^ ' 2(2p+l) ^^ ^ ' 

+ (-7x^ - 8px^ + 6x^ + 6px^ - 7xCj - 2px^j + 21x^^j- + Gpx^^^- - ISx^^j 



J 



+10px^Cj + Sx^'Cj - 6px^Cj + 5^1 + 10K| - 18x^1 - 12pxC| + SOx^^ 
+16px^^] - 54x^^1 - 24px3^| + llx^'d - 2px'^S,] - 19xC| - 26pxC| 
+33x^^1 + 30px2^| - 25x^C| - Upx^S.^ + 15x^C| + 18px^^| + Sx^^j^ 
+ 16px2e^4 _ g^3^4 _ 18p^3^4^/(^2(l + 2p)(-l + x)(x - ^jf{-l + X^jf] 



(A27) 



and the general form of the classical action: 

(A28) 
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B. Proof of the gamma factor ( |3.47| ) and (|3.48| ), by Hidetoshi Awata 



Let Pr 



, 1--L 



'l-'?2 



°° ^n 



be the Macdonald function Pr{x; qi , 52) with the speciahzation pn '■= Yl'S=i ^ 



The Fieri formula [p|(Ch. VI. 6) gives 



Ps-{x;qi,q2)Ps-{x;qi,q2) = J^^S^S-'"' Ps-+e,r-e{x;qi,q2) 

r 

PAr{x;qi,q2)PAr{x;qi,q2) = ^ A^a-V PAr+e.r-e{x;qi,q2) 



(Bl) 
(B2) 



with 






r-i j-l r+e j-l 2 r 

._ TT 1 - Qi g2 tV 1 - Qi qj -TT [_ 



J=l 



i-gj 



N 



A''A'' 



._ TT 1 - glg2 TT l-g2 

J- J- 1 — n* J- J- 1 «-,«*"! 



(B3) 
(B4) 



Note that above Ngrgr''^ and Nj^r/^r'' are invariant under the transformation qi — t- g^^ 
and q2 ^ 0.2 ■ '^^^ speciahzation formula |£l|(Ch. VI. 6) 



-1 



i^iJ 



1-L 

1 - 92 



n 



92"^ - qJ-'L 



(i,j)ei? 1 - 9i ' 92 



(B5) 



yields 



Psr+t,r- 


-e 


}^ 


92 


Psr 


Cl 


V-L 
-<?2 





J-l; 



rr'+^ 



i-1, 



.i-i 



-P^r+<,n 


-f 


c^ 


92 


Pa-^ 


;^^ 


-l' 

-92 





. n;=^i(92 - qi'L) • n;':^+i(i - gi'L) • n;=.-.+i(i - gj^ 92 
nf=i(i-9r'92)-nSm(i-9r^9i) 



i2i 



n-ii(i-9^)-nsma-9i9i) 



Let 



1 i-i 
1 - 9i 92 



9£ 



j=£+i J^ 9i 



i=l j=l 



9i 92 



(B6) 
(B7) 
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then we have 
Proposition. 



Psr 

Pa. 


1-L" 


"1 — 92 
1-L" 


h-i2\ 



7 ^ ge^s^s-^ Psr+<!,r 



tK^ 



P\r4 



'A'"A'" -1 A''+^'' — ^ 



£=0 




(B8) 
(B9) 



Proof. First, let 



/f := g^Nlr 



g,.gr 



Pgr+t,r- 


-£ 


}iE 


92 


Psr 


1-92 





Tr+£ 



.i-1 



(1 - gf ^2 



n ■=.+i(-'?i)(i - ^i) • n •=1(92 - qi-'L) ■ WjZUiii - qI'l) 



n-=i(i-^i)-n-3(i-'/i92 



(BIO) 



/ ArA''+*'''~* 



Pat 



fi '■— Oi^A^Ar 



\r+e,i — I 



'1-92 



Pa 



bH] 



<ir 



(Bll) 



= (-'zi)^(i-rf) n 

^^ nL.-£+i(i - g2) • \{\=M-' - QiL) ■ w;=r+iiQ2-' - L) 
n-=i(i-'/2)-mi'(i-'/i'/2) 

The residues of fi and f[ at q2 = Qi and qi = q2 [i < k < £ + r), respectively, are 

i=i i=i 



J") -nr+e-ki 



n -=1(1 - li) • n;=i(i - '/i) n,^=i(i - iD ■ u-trii - qi 



(B12) 






i=l 4=1 



Tk-e 



r-e.. 



nLi(i - ^2) • nr=i (1 - ^d m=i(i - 'z^) • nzri^ - ii) 



(B13) 



Note that each second line (i.e. ( [B12| ) and ( |B13| )) of the above two equations is symmetric 
under the replacement (. ^ k — L Thus one can show that 



Res^^^^-.(/, + h-i) = Res^^^^-.(/; + /^,) = 0. 



(B14) 
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Next, let 



f ■=2_^fe, f ■= y J[- 



£=0 



£=0 



(B15) 



A: ;^ 



The residue of f at q2 = Qi is 



min{fc,r) 

Res -kf= > Res -k fe 

52=^1 •' /-^ 92=91 -"^ 

£=max(0,fc— r) 

L2J niin(A;,r) 



E + E 

^=max(0,fc— r) i?=r-l 



Res ~fc ff 
'?2=gi ■"^ 



LlJ 



5^ Res^^^^-fc(/, + A_,) = 0, 

£=max(0,fc— r) 



(B16) 



and also Res ^^-fe/' = 0. Here the floor function [x\ denotes the largest integer not greater 
than X and the ceiling function [x] denotes the smallest integer not less than x. Furthermore 
limg2-s>oo /, limgi-!>oo /' < co- Therefore / and /' are constant in (72 and qi, respectively. But 



lim 



/= liin/o = l, lim /' = lim /q = 1. 

(j2— S>0 qi^oo qi-^oo 



(B17) 



Therefore f = f = 1- 

Substituting c := (92/-^) 2 into ( |B^ ) and ( p9|) yields 



D 



Ps,. 



Pa' 



L2 


-L-2 


1 


-Q2~' 


Lh 


-L-h 



7 ^ ge^s^s^ Psr+e,r-i 



1=0 



1 _i 
Q2 - Q2 ' 



/_^9i^A'-Ar Phr+i, 



1=0 



Lh 


-L-^ 


1 

92 


-<lf' 


lI 


-L-\ 



1 _ 1 

92 - 92 ' 



(B18) 
(B19) 



where gi = 7£A£ and g^^ = 7^A^ with 



A^ := (i/92)5 n (-'^i "^1), 
j=i+i 

e 

i=l 



11 := n 

j=i+l 



ir-- 



n 



j-i 1 i^Li _i 

gi ^ 92 - 9i " 92 "" 
i _i 
9i - 9i ' 



2 2 

92 - 92 



i-l 1 1-i _ 1 

=192' 9i -92' 9i ' 



(B20) 
(B21) 
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Note that 7^ = ifr^r'^ , 7^ = 7a^A'-''^ • If we set L := g^, then Pr 



Xe = X 



(+) 



(S^jS^) and A^ = A.^|^,,_^(A^, A^). Hence we obtain 



1 




1 


L^- 


-L- 


"2 


1 




T~ 


■7 




2 


I2- 


-92 





MR{q2;qi,q2), 



Msr{ql) = ^ifrsr"" Ajji,,,_, (5^ 5^)iv|:+/'-" M5.+,,.-, (^f ; gi , ^2 ) , (B22) 



r 



MAr{ql;q,,q2) = ^ 7;^^l'"■"'A^tl,.-.(A^ A^X''A'"'"'M^.+,..-,(g|; ft, gs). (B23) 



e=o 
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C. Refined A-polynomials 

In this appendix we present detailed structure of refined A-polynomials A {x, y; t) in various 
examples which we found in this paper: the unknot, (2, 2p + 1) torus knots, and the trefoil 



in DGR grading. In section |C1| we present Newton polygons for refined polynomials, as 
well as for their t = —1 limit. A red circle at position {i,j) in such a polygon represents a 
monomial of the form Cijx^y^ in the refined A-polynomial. Smaller yellow crosses represent 
such monomials in the unrefined A-polynomial A^°^{x,y] —1). 



In section C2 we present matrix form of refined A-polynomials. The entry [i + l,j + 1) 
of such a matrix represents the coefficient Cij in A {x,y;t). Note that the role of rows and 
columns in Newton polygons and matrices is exchanged. All these conventions are the same 
as in figure ^. 



CI Newton polygons 



1 

Figure CI: Newton polygons for the unknot: refined (red circles) and unrefined (yellow crosses). 



y 

1O o • o o 

12 3 4 

Figure C2: Newton polygons for trefoil, i.e. T^'^ torus knot: refined (red circles) and unrefined 
(yellow crosses). 
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6oo 



26oo##ooo 



000##000 



<^<rox 



2 4 6 8 10 12 

Figure C3: Newton polygons for T^'^ torus knot: refined (red circles) and unrefined (yellow crosses). 



y 

4^000 
3Q000«««0000 



oooo«««oooo 



0000«««0000 



5 10 15 20 

Figure C4: Newton polygons for T^'^ torus knot: refined (red circles) and unrefined (yellow crosses). 
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y 
5 ooooo 



4 6oooo«««*ooooo 



ooooo««*«ooooo 



ooooo**««ooooo 



ooooo««««ooooo 



40 



10 20 30 

Figure C5: Newton polygons for T^'^ torus knot: refined (red circles) and unrefined (yellow crosses). 



y 

6 QOOOOO 



Oooooo«««««oooooo 



oooooo«««««oooooo 



oooooo«««««oooooo 



oooooo«««««oooooo 



CXX)000«««««000000 



^)00000- X 



10 30 50 

Figure C6: Newton polygons for T^.ii ^grus knot: refined (red circles) and unrefined (yellow crosses). 
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boooooooo 

5^00000000000 

ooooooooooooooo 
3 ooooooooooooooo 

ooooooooooooooo 

1 00000 0000000 



10 15 20 



Figure C7: Newton polygons for trefoil knot in DGR (see section 3.3.4) and DGR' (see section A3.S 
gradings: refined (red circles) and unrefined (yellow crosses). 



C2 Matrix forms of A-polynomials 



;-t)^/2 1 j 



Figure C8: Matrix form of A-polynomial for the unknot. 



1 -1 

-t^ -t^ 

2 t^ (1 + t) 

t" t= 

1,-t^ t"^ i 



Figure C9: Matrix form of A-polynomial for trefoil, i.e. T^'^ torus knot. 
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2 t-^ tt'' -t^ 
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tl2 


2ti2 + 2t"-t" 












tl2 
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tl2 


t" 













Figure CIO: Matrix form of A-polynomial for T^-^ torus knot. 
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